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Today: what should we do, once and then over time?

By the end, you should be able to:

• evaluate and learn a treatment rule from logged data;

• explain why treatments over time need g-methods; and

• place a new method on the map of the field.

A rule can only be learned where past decisions explored.
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Lecture 5 stopped one rung short of acting over time

the average effect who benefits treat the top 30%

treat now,

adjust later
today

Today the target is a rule, and then a rule that acts more than once.

The transplant registry used today is constructed; it contains no real patients.
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One decision



A rule has a value: one number

V (π) = E
[
Y
(
π(X )

)]
, π : X 7→ treat or not

Regret: how far a rule falls below the best rule in its class.
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Evaluate a new rule with Lecture 4’s score

V̂ (π) = 1
n

∑
i

[
π(Xi ) Γi (1) + {1− π(Xi )} Γi (0)

]

Same doubly robust score; machine learning calls this off-policy evaluation.

Dud́ık et al. (2014); Athey and Wager (2021)
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Choose the best rule within a simple class

pre-programme earnings

years of education

train

do not train

Regret depends on the class of rules, not on how well you estimate τ(x).

JTPA job training, 9,223 applicants; region illustrative. Kitagawa and Tetenov (2018); Athey and Wager (2021)
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A rule nobody followed cannot be evaluated

x

e(x)

rule says treat;

almost nobody was

chance of treatment

Where e(x) ≈ 0, the weight 1/e(x) explodes.
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Over time



Two decisions, one timeline

L0

severity

A0

induction

L1

marker

A1

escalation

Y

survival

U

frailty

Induction lowers the marker; a high marker prompts escalation.

Constructed registry; true effect of always vs never treating: +2.0 years.
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Three structures, three verdicts on adjusting for L1

A0

L1

A1 Y A0

L1

A1 Y A0

L1

A1 Y

U

Adjust Don’t Neither works

Left: L1 only confounds A1; middle: L1 is only caused by A0; right: both, plus hidden U.
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Case 3: regression is wrong whichever way you choose

A0

L1

A1 Y

U

A0

L1

A1 Y

U

leave L1 out: escalation confounded put L1 in: effect blocked, U let in

Adjusting for everything you measured is not safe.
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In the registry, both regressions get the sign wrong

1 0 1 2 3
estimated effect of always vs never (years)

leave the marker out

put the marker in

g-formula

weighting (IPTW)

truth = 2.0

Constructed registry, n = 4,000; bars are 95% bootstrap intervals.
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Real data: zidovudine and CD4 count in HIV

3.6
crude

2.3
baseline adjusted

0.7
weighted MSM

Mortality rate ratio for zidovudine: low CD4 prompts treatment, and treatment raises CD4.

Hernán et al. (2000); MSM interval 0.6–1.0.
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Technical core 1: two assumptions give the g-formula

Sequential exchangeability: Y (ā) ⊥⊥ At | past treatments and covariates

Sequential positivity: every treatment possible given the past

E{Y (a0, a1)} =
∑
l0,l1

E(Y | l0, a0, l1, a1) p(l1 | l0, a0) p(l0)

Average L1 over what a0 would produce, not what was observed.

Robins (1986); derivation in the notes.

2 • Over time 12/38



Technical core 2: or reweight, and the arrow into treatment disappears

W =
∏
t

1

P(At | past)

L0 A0 L1 A1 Y××

Marginal structural models: Robins et al. (2000).
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Which arrows does each method model?

L0 A0 L1 A1 Y

weighting weighting

g-formula g-formula

Model both sets of arrows ⇒ doubly robust.

Bang and Robins (2005); g-estimation: Robins (1994); textbook: Hernán and Robins (2020, Part III).
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Before analysing, write down the trial you wish you had

who is eligible,

and time zero

the strategies

compared

clone, censor,

weight

Target-trial emulation makes the g-methods’ assumptions visible.

Hernán and Robins (2016)
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Overlap is spent at every decision

1 2 3 4 5 6 7 8
number of decisions

101

102

103

ef
fe

ct
iv

e 
sa

m
pl

e 
siz

e

n = 1,000
n = 4,000
n = 16,000

After three decisions, 16× the patients buys only about 4× the effective sample.

Constructed registry extended to K visits; true propensities; weights for “always treat”.
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Dynamic regimes



A regime is a rule that reads the history

L0 d0 A0 L1 d1 A1

“Escalate if the marker stays high” is a rule, not a fixed plan.

Murphy (2003); review: Chakraborty and Murphy (2014).
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The experiment for a regime randomizes twice

R

behavioural first

medication first

responding?

continue

R

increase dose

add the other

yes

no

A SMART: 146 children with ADHD, randomized twice.

Pelham et al. (2016); design: Murphy (2005).
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Learn the regime backwards: Q-learning

stage 1

best A0 given L0

pseudo-outcome:

value of best A1

stage 2

best A1 given history

start here

Each stage is a regression; the last decision is solved first.

Murphy (2003); same recursion as Watkins and Dayan (1992).
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A rule that reads the patient beats every fixed plan

9.5 10.0 10.5 11.0 11.5 12.0
mean survival under the strategy (years)

optimal rule

Q-learning rule

current practice

always treat

never treat

11.74

11.70

10.83

10.90

10.00

Constructed registry with tailored effects; values simulated from the true mechanism.
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Model the outcome, or search the rules directly

model outcomes

Q-learning

weight and search

outcome-weighted learning

combine

doubly robust

The same trade-off as for one decision.

Zhao et al. (2012); Zhang et al. (2012)
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Inference breaks where treatment makes no difference

θ: gain from treating

max(0, θ)

kink: no

normal limit

Laber et al. (2014); Luedtke and van der Laan (2016)
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Half I in one picture

one decision two decisions many decisions

overlap

hidden confounding thin overlap adaptive data

After the break: what the field is doing about each orange box.
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Break
10 minutes



Field map



Four corners of one field

A/B tests policy learning

bandits, trials
g-methods,

offline RL

we collect the data we inherit the data

o
n
e
d
ec
is
io
n

m
an

y
d
ec
is
io
n
s

Shaded: where Half I lived.
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Same problem, two vocabularies

causal inference reinforcement learning

regime policy

g-formula model-based evaluation

weighting importance sampling

positivity coverage

RL usually adds one assumption: the current state summarizes the past.
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Forty years in seven ticks

1986

g-formula

2000

MSMs

2014

DR evaluation

2021–26

offline RL, review

1992

Q-learning

2003

dynamic regimes

2018–20

long-horizon OPE

Full dated list with references in the notes.
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Frontier



Long horizons: can the weights stop compounding?

relaxes: overlap spent at every decision

20 21 22 23 24 25 26

horizon (number of decisions)

10 2

10 1

100

ro
ot

 m
ea

n 
sq

ua
re

d 
er

ro
r

trajectory weights
per-decision weights
state-distribution weights (oracle)

Under Markov structure, reweight states, not whole trajectories.

Liu et al. (2018); Kallus and Uehara (2020); constructed process; green curve uses the true ratio.
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Thin overlap: can we ask a smaller question?

relaxes: positivity

0.2 0.5 1 2 5
odds of treatment multiplied by 

10.4

10.6

10.8

11.0

11.2

11.4

m
ea

n 
su

rv
iv

al
 (y

ea
rs

)

current practice

truth
weighting estimate

Multiply everyone’s odds of treatment by δ, instead of forcing “always”.

Kennedy (2019); D́ıaz et al. (2023); constructed registry.
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Thin overlap: can we refuse to trust thin data?

relaxes: coverage of the logged data

value

well covered thinly covered

pick the higher lower bound

Pessimism: the higher point estimate loses.

Jin et al. (2021); tutorial: Levine et al. (2020).
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Hidden confounding: can proxies stand in for the hidden state?

relaxes: sequential exchangeability

Ut

At reward

proxy Zt proxy Wt

Proximal RL, or bounds under a sensitivity model; Week 9 has the static version.

Tennenholtz et al. (2020); Bennett and Kallus (2024); Kallus and Zhou (2020).
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Adaptive data: is the usual interval still valid?

relaxes: independent sampling

time

P(arm B)

estimate

normal

Not always: reweight adaptively, or use intervals valid at any stopping time.

Zhang et al. (2020); Hadad et al. (2021); Waudby-Smith et al. (2024); schematic.
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Designed data: randomize many times a day

relaxes: nothing; design the data instead

days

day 1 day 2 day 3 day 4

A micro-randomized trial: HeartSteps, 5 decision points a day, probability 0.6, 42 days.

Klasnja et al. (2015); Klasnja et al. (2019); filled: suggestion sent; pattern illustrative.
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Late outcomes: can short-term proxies speak for them?

relaxes: observing the outcome of the decision

treatment
short-term

surrogates

long-term

outcome

no path around the surrogates

A surrogate index predicts the long-term outcome from several short ones.

Athey et al. (2026)
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Audit: a reinforcement-learning policy for sepsis

A policy learned from ICU records recommends fluids and vasopressors;

mortality was lowest when clinicians’ doses matched it.

1. Which arrow could fool this analysis?

2. Where did clinicians rarely do what the policy recommends?

Pairs, 7 minutes. Komorowski et al. (2018)
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Audit: what to check

severity

dose death

1. Sicker patients get more treatment and die more: confounding by indication.

2. Where the policy departs from practice, few patients carry the estimate.

Gottesman et al. (2019), written with members of the original team.
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Where today returns

today

Week 8 interference over time

Week 9 hidden confounding

Week 11 AI systems that decide
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Take stock



Overlap is the currency

one decision two decisions many decisions

hidden confounding thin overlap adaptive data

proxies, bounds Markov, δ, pessimism adaptive inference

Learn a rule only where past decisions explored.
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Next

• Lecture 7, October 23: interference and experiment design.

• Reading week: Chakraborty and Murphy (2014); Uehara et al. (2026).

• Notebook: the sign flip, overlap decay, Q-learning.
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Questions?
Notebook: the sign flip, overlap decay, and a learned regime
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