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Abstract

Feature importance quantification in the presence of arbitrary dependencies re-
mains a fundamental challenge in modern statistics We introduce Disentangled Feature
Importance (DFI), a nonparametric framework that transforms features into an inde-
pendent latent space via optimal transport, computes importance for the disentangled
features, and attributes importance back to original features through transport map
sensitivities.

We establish that under squared-error loss, two major classes of feature impor-
tance measures—those based on response submodel refitting and those using condi-
tional covariate resampling—target identical population functionals, revealing their
shared vulnerability to correlation. Our disentangled importance functional provably
eliminates this distortion in the latent space while preserving total predictive vari-
ability when attributed back to original features. We develop semiparametric theory
for general transport maps and explicitly derive the efficient influence functions for
Bures-Wasserstein map. Under mild conditions, we establish root-n consistency and
asymptotic normality, with our estimators exhibiting double robustness: the error van-
ishes when the product of regression and transport map estimation errors is of smaller
order than root-n.

DFI extends the classical R? decomposition from multiple linear regression to non-
parametric settings, providing a principled framework for feature importance measures
and uncertainty quantification under arbitrary dependencies. Unlike existing feature
importance measures that require response submodel fitting or covariate conditional
distribution resampling, DFI leverages the independence structure of transformed fea-
tures to achieve computational efficiency while maintaining statistical validity.



1 Introduction

Feature importance quantification lies at the heart of interpretable machine learning and
statistics, yet a fundamental challenge undermines its reliability: when predictors are corre-
lated, standard importance measures can severely underestimate or misattribute the influ-
ence of key variables (Verdinelli and Wasserman, 2024a,b). This distortion affects critical
applications across domains, from identifying disease-driving genes in genomics (Du et al.,
2025b,a) to understanding large language models (Kang et al., 2025), where features nat-
urally exhibit complex dependencies. As predictive models increasingly inform high-stakes
decisions, the need for importance measures that accurately handle dependent predictors
has become paramount.

Consider the regression task of predicting an outcome Y € R from covariates X € R%.
The regression function f(z) = E[Y | X = z] captures the true predictive relationship,
which we estimate from data using a fitted black-box model fA(x) = ]/E[Y | X = z]. Fea-
ture importance methods aim to decompose the predictive signal of f (or f) across the
d input dimensions, revealing which features contribute most to the model’s predictions.
Feature importance methods seek to decompose this predictive signal across the d input
features. The literature distinguishes between statistical feature importance, which measures
each feature’s role in the true function f, and algorithmic feature importance, which quanti-
fies contributions to a specific model f without reference to the underlying distribution. We
adopt the statistical perspective, focusing on population-level importance that reflects the
true data-generating process.

Traditional feature importance methods—including Shapley values (Shapley, 1953), leave-
one-covariate-out (LOCO) (Lei et al., 2018), and conditional permutation importance (CPI)
(Chamma et al., 2023)—share a critical limitation: they dramatically underestimate the
importance of features that depend on other predictors (Verdinelli and Wasserman, 2024b).
This distortion arises from a fundamental assumption that removing or permuting a feature
leaves the joint distribution of remaining features unchanged. When features are depen-
dent, this assumption fails catastrophically, leading to severe underestimation or complete
misidentification of important features, as we demonstrate in Examples 5 and 6.

Rather than patching existing methods with ad-hoc corrections, we propose a funda-
mentally different approach: transform the feature space to eliminate dependencies before
computing importance. Our framework operates in three stages. First, we map the orig-
inal features X to a disentangled representation Z = T'(X) with independent coordinates
via a transport map T : R — R? Second, we compute feature importance in this latent
space using resampling methods on the independent disentangled features. Third, we at-
tribute importance back to the original features through the inverse transport map, yielding
interpretable scores that properly account for feature dependencies.

This disentanglement strategy is motivated by a classical result in statistics: the decom-
position of R? for linear regression with correlated covariates.

Example 1 (Linear regression with correlated covariates). Consider a multiple linear model:

Y=08"X+e (1)



with X ~ N;(0,X) for some covariance matrix ¥ € S¢ and € being an independent noise of X..

Without loss of generality, suppose Y and X;’s all have zero mean and unit variance. In this
case, X is also the correlation matrix of the covariates, and we also have ¥;; = Z?: j(Z% )?l =1
for l =1,...,d. The data model can be characterized through only two parameters > and
B, and the coefficient of determination is given by R?> = BTY[. Genizi (1993) showed a

decomposition
2 5 2
R = E c; = 5 vy,
j=1 1=1

where CJQ- = (ejTE% $)? is the component assigned to the decorrelated feature Z; and v} =

Z?ZI(Z%)?lC? is the component assigned to feature Xj.

In the above example, R? also represents the intrinsic variation V[3"X]. Hence, the
decomposition attributes each feature an importance that sums up to the intrinsic varia-
tion. Our disentangled feature importance framework extends this classical decomposition
to nonparametric settings, providing a principled way to measure feature importance in the
presence of arbitrary dependencies.

1.1 Motivating applications

The need for correlation-aware feature importance extends across numerous domains:

Example 2 (Genomics and systems biology). In genetic perturbation experiments, re-
searchers seek to understand how perturbing individual genes affects cellular behavior. Here,
X represents baseline gene expression levels, A indicates which gene is perturbed, and Y
denotes post-perturbation expression. Modern deep learning models and foundation models
(Du et al., 2022; Moon et al., 2025; Cui et al., 2024) predict these outcomes, but genes often
exhibit complex co-expression patterns. Understanding which genes truly drive predictions
requires disentangling these correlations.

Example 3 (Natural language processing). In text generation tasks, X represents input
tokens and Y represents output tokens. Understanding how each input token influences the
output is crucial for model interpretability (Kang et al., 2025). However, tokens exhibit
strong sequential dependencies and semantic correlations, making traditional importance
measures unreliable.

Example 4 (Causal inference). When estimating conditional average treatment effects
7(x) = E[Y(1) — Y(0) | X = z] under the unconfoundedness assumption, understanding
which covariates X are most important for treatment effect heterogeneity is essential (Hines
et al., 2022). However, confounders are often correlated, and failing to account for these



correlations can lead to incorrect conclusions about which variables drive treatment effect
variation.

1.2 Contributions

Our work makes several key contributions to the feature importance literature:

e Critique and unification of existing measures: In Section 2, we formally estab-
lish the equivalence between two major classes of feature importance measures under
squared-error loss: LOCO, which requires refitting regression submodels after feature
exclusion, and CPI, which requires resampling from conditional covariate distribu-
tions. We prove that both methods target the identical population functional—the
expected conditional variance E[V[u(X) | X_,]]. Despite this theoretical equivalence,
we demonstrate through concrete examples that both approaches suffer from correla-
tion/dependency distortion.

e A new feature importance measure: To address this core limitation, in Section 3,
we introduce Disentangled Feature Importance (DFI), a nonparametric framework that
provides a principled way to attribute importance in the presence of arbitrary feature
dependencies. DFI operates through a three-stage approach: (i) it transforms the
original features into an independent latent space via a transport map; (ii) it computes
importance in this disentangled representation; and (iii) it attributes importance back
to the original features based on the sensitivities of the transport map. This process
yields scores that reflect each feature’s intrinsic predictive contribution, accounting for
the dependencies among features.

e Semiparametric inferential theory: In Section 4, we establish a semiparametric in-
ference framework for DFI using general transport maps. Under the Bures-Wasserstein
transport map, we derive the explicit form of efficient influence functions for both the
latent and the attributed feature importance measures, prove their \/n-consistency
and asymptotic normality under mild conditions, and demonstrate that our estimators
possess a desirable double robustness property.

e Nonparametric R? decomposition: In Section 4.3, we show that DFI provides a di-
rect nonparametric generalization of the classical R? decomposition for multiple linear
models. This result establishes a clear theoretical lineage for our method, demon-
strating that it preserves and meaningfully distributes the total predictive variability,
VIE[Y | X]], across all features, regardless of their dependency structure.

e Computational efficiency: Our DFI framework is designed for practical application.
By leveraging the independence structure of the transformed features, our estimation
procedure avoids both the computational burden of refitting numerous submodels (a
drawback of LOCO) and the statistical challenge of estimating high-dimensional condi-
tional distributions (a bottleneck for CPI). The practical utility of DFI is demonstrated
through simulation studies in Section 5 and an analysis of a real-world HIV-1 dataset
in Section 6.



1.3 Notation

For a vector X € R? Xs € RISl denotes a sub-vector of X indexed by S C [d], and
X_j := Xjg\;. The j-th standard basis vector is denoted by e;. The cardinality of a set S is
denoted by |S|. The indicator function is denoted by 1{-}.

The partial derivative of a function f with respect to its j-th argument is denoted by
Oz, f. The gradient of f is denoted by Vf. The space of twice continuously differentiable
functions on R? is denoted by C?*(R?). The Lipschitz constant for a function f is denoted
by Lip(f). For (potentially random) measurable functions f, we denote expectations with
respect to the data-generating distribution of O alone by Pf(O) = [ fdP, while E[f(O)]
marginalizes out all randomness from both O and any nuisance functions f is dependent on.
The empirical expectation over n samples is denoted by P, f(O) = %Z?:l f(O;). The Lq
norm of a function with respect to a measure Px is denoted by || - ||z, )-

For a symmetric matrix ¥, its (unique) positive semi-definite square root and its inverse
are denoted by 32 and Z_%, respectively. The set of symmetric and positive definite d x d
matrices is denoted by Si. The Lowner order is denoted by =; that is, A < B means that
B — A is positive semi-definite. The operator norm of a matrix is denoted by || - ||op, and its
trace is denoted by tr(-).

For a tuple of random vectors O = (X, Y), the expectation and probability over the joint
distribution P are denoted by E and P, respectively. The marginal measure of X is denoted
by Py, and its cumulative distribution function (CDF) is Fy. For a statistical estimand ¢,
we write ¢(P) to emphasise its dependence on the underlying distribution P. The population
and empirical variances are denoted by V and V,,. Statistical independence is denoted by
Al. The pushforward of a measure Px by a map 7" is denoted by T3Px. The d-dimensional
multivariate normal distribution with mean p and covariance ¥ is denoted by Ny(p, X).

We use “0” and “O” to denote the little-o and big-O notations; “op” and “Op” are their
probabilistic counterparts. For sequences {a,} and {b,}, we write a,, < b, if a, = O(by,);

~

and a, < b, if a,, = O(b,) and b, = O(a,). Convergence in distribution is denoted by «dyn

2 Feature importance measure

Feature importance has been explored from several complementary perspectives that differ
in both their inferential targets and the assumptions they impose on the data—generating
process. Broadly speaking, algorithmic approaches, including Shapley value and its fast
approximations (Shapley, 1953; Lundberg and Lee, 2017), attribute the prediction of a fixed
(possibly black—box) model f to its input coordinates; the distribution of (X,Y") appears only
through the empirical sample on which f was trained. In contrast, statistical or population
approaches regard f as the true regression function and seek functionals of the joint law of
(X,Y) that decompose predictive risk.

Classical representatives include leave—one-covariate—out (LOCO) and its Shapley-value
reinterpretation (Verdinelli and Wasserman, 2024b), Conditional Permutation Importance
(CPI) and its block- or Sobol-style refinements (Chamma et al., 2023; Reyero Lobo et al.,
2025; Chamma et al., 2024), as well as doubly robust, influence—function based estimators
of variable importance (VIM, SPVIM) under general loss functions (Williamson et al., 2021,



2023; Williamson and Feng, 2020). For causal inference, extensions to local feature impor-
tance recast these ideas, either through LOCO-type refitting (Hines et al., 2022; Dai et al.,
2024; Lundborg et al., 2024) or CPI-type permutation schemes that circumvent nuisance
estimation (Paillard et al., 2025). A parallel literature in global sensitivity analysis Sobol’
(1990) distributes variance via functional ANOVA or Sobol indices of independent inputs
and has recently been connected to partial dependence (Owen and Prieur, 2017; Herbinger
et al., 2024). For a more detailed review of the related literature, the readers are referred to
Hooker et al. (2021). These seemingly disparate importance measures coincide only under
restrictive independence assumptions; however, strong feature correlations can induce severe
correlation distortion whereby genuinely influential variables receive negligible scores.

Recognising these limitations, we focus on three conceptually simple yet widely used
importance measures, LOCO, CPI, and Shapley value, that serve as building blocks for
many of the above methods. The remainder of this section formalizes their definitions and
highlights their connections.

Consider a regression problem when Y € R is the response and X € R? is the feature.
Let pu(x) = E[Y | X = z| denote the regression function using all features, and pus(zs) :=
E[Y | Xs = zs] denote the regression function using a subset of features Xgs for any S C [d].
In particular, for a given coordinate j € [d], define the regression function of Y given X_;
as pj(r_;) =E[Y | X_j = x_4].

2.1 LOCO

Leave-One-Covariate-Out (LOCO) metric and assumption-lean inference framework such as
conformal prediction for LOCO have been studied by Lei et al. (2018); Rinaldo et al. (2019).
Consider a loss function /¢ (e.g., the negative squared error loss, classification loss, etc.), the
LOCO parameter for X, is defined as

X, = BU(u(X),Y) = lp—3(X5), V)],

which quantifies the change of expected loss when dropping X; from the full model. Up to
scaling, 100 is a nonparametric version of the usual R? from standard regression.

Consider fitting estimated regression function zi and ji_; from m independent and identi-
cally distributed samples of (X,Y"). We then compute an estimate of the LOCO parameter
on n additional samples of (X,Y):

P = P {U(f(X),Y) — L(i_;(X_;),Y)}.

For LOCO, there are two nuisance functions (u, pt—;) to be estimated from data.

2.2 CPI

The traditional permutation importance approach ignores the correlation among features
and may lead to uncontrolled type-1 errors. To mitigate this issue, conditional permutation
importance has been proposed in different contexts: for random forests (Strobl et al., 2008)
and for general predictors under f3-loss (Chamma et al., 2023) and general loss functions
(Reyero Lobo et al., 2025). The key idea is to sample from the conditional distribution
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p(X; | X_;). Thus, it can also be interpreted as replace-one-covariate, or swap-one-covariate
feature importance.

Define a random vector XU) such that XEJJ) = X_; and Xj(j) ~ p(X; | X_;) is an
independent copy of X; given all the other covariate X_;, which is also independent of the
outcome Y. The CPI parameter is then defined as:

7‘]‘7

= SE(X),Y) ~ (XD, V)]

Similarly, we can compute an estimate of the CPI parameter as:

= SPAUE(X),Y) — (XD, V)],

Instead of estimating the conditional density function p(X; | X_;) directly, we can sample
X ]@ by estimating the regression function E[X; | X_;] and bootstrapping the residuals.
This approach requires that X; can be written as X; = v;(X_;) + ¢; where ¢; L X_;
and Ele;] = 0 (Reyero Lobo et al., 2025, Lemma 3.2). Under this additive structure, one
draws an independent sample W of X and sets X J(j) = U;(X_;) + (W; —v;(W_;)). While
this independence assumption is restrictive in general, it holds naturally when features are
independent or when covariates follow a multivariate Gaussian distribution. For CPI, this
approach requires estimating two nuisance functions: the regression functions of the response
and the jth covariate (u,v;).

2.3 Shapley value

Originating from cooperative game theory (Shapley, 1953), the Shapley value attributes a
model’s predictive ability to individual covariates. Let [d] = {1,...,d} index the features
and let v(S) be a value function that measures the expected utility obtained when only the
subset S C [d] is available. Throughout this paper, we adopt the squared error as the value
function:

v(8) = E[l(us(Xs), V)], U@.y)=—(T—v),

where us(xs) = E[Y | Xs = xs] is the oracle regression trained on S alone. The Shapley
importance of feature j is

=y BREESIE s u g - uis)).
SCld\{j} '

or, equivalently, the expectation over a random permutation 7w of the incremental gain
achieved when j enters the model immediately after its predecessors in w. The vector
(YA, .. Y%AT) is the unique attribution satisfying the four canonical Shapley axioms
(efficiency, symmetry, dummy, additivity).

As shown by Verdinelli and Wasserman (2024b), each term v(S U {j}) — v(S) coincides
with LOCO for subset S, i.e., B(Ojco(SU {7}) = El(psuin (Xsuy) — ps(Xs))?] under fo-loss.



Hence, the Shapley value is a weighted average of LOCO scores across all 2¢-! submodels:

S|+ D! (d—|S|)!
‘S;IjAP _ Z waBSCO(SU{j})’ ws = (| ’+ )d'( | D

SCld\{j}

Even under linear models, this averaging yields a highly non-linear functional of the joint
distribution of (X,Y").

Exact evaluation of @/Jﬁ?j‘“’ is infeasible beyond very small d; practical implementation relies
on submodel subsampling (Williamson and Feng, 2020). Because the value function itself
must be estimated for every sampled coalition, the resulting estimator is both statistically
and computationally intensive, complicating further tasks such as variance estimation and
formal inference. These difficulties motivate the search for importance measures that permit
computationally tractable estimation and valid uncertainty quantification. For these reasons,
we henceforth focus primarily on analyzing the properties of LOCO and CPI in the following
subsection, while Shapley values are retained as a benchmark in the simulation study.

2.4 Properties of LOCO and CPI

Throughout the rest of the paper, we focus on the ¢y-loss (7, y) = —(7 — y)*>. We begin by
establishing two fundamental properties of LOCO and CPI that will motivate our proposed
framework.

First, both measures correctly assign zero importance to truly irrelevant features, as
formalized below.

Lemma 2.1 (Null features). Under null hypothesis Ho; : X; 1L Y | X_;, it holds that

CPI __ LOCO __ O
X; VX T
Second, LOCO and CPI are equivalent under squared-error loss and can be expressed in
terms of conditional variance.

Lemma 2.2 (Equivalence under f5-loss). For fy-loss (7, y) = —(y—y)?, the two importance
measures coincide: Y5 = ¢ = E[V{u(X) | X_;]].

The conditional variance E[V[u(X) | X_,]] is known as the upper Sobol index (Sobol’,
1990; Owen and Prieur, 2017), which measures how much uncertainty in the prediction
p(X) remains after observing all features except X;. This connection to sensitivity analysis
provides additional interpretability to these importance measures. While Hooker et al. (2021,
Theorem 2) established a similar equivalence result! using functional analysis, our proof
relies only on elementary probability theory. Specifically, we exploit the alternative variance
representation V(W] = E[(W —E[W])?] = E[(W —W’)?]/2, where W’ is an independent copy
of W, for any random variable W. This representation reveals a fundamental equivalence
under /(y-loss: LOCO’s approach of refitting the response submodel Y | X_; yields the
same importance measure as CPI’s approach of resampling from the conditional covariate

'We note that the definition of “conditional variable importance” in Hooker et al. (2021) appears to have
a factor of 1/2 missing compared to CPI formulation.
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distribution X; | X_;, with CPI having an additional factor of 1/2 to account for the doubled
variability from comparing two random realizations. While this equivalence is specific to
squared-error loss, the two approaches may yield different importance measures under other
loss functions.

Despite these appealing properties, both LOCO and CPI suffer from a fundamental
limitation known as correlation distortion. As noted by Verdinelli and Wasserman (2024b),
“its value depends not just on how strongly u(X) depends on X;, but also on the correlation
between X; and the other features. In the extreme case of perfect dependence, it is 0. This
could lead users to erroneously conclude that some features are irrelevant even when p(X)
strongly depends on X;.” The following examples illustrate this critical issue.

Example 5 (Dependent features with a bijective mapping). Consider a simple linear model:
Y = ﬁle + 52X2 +€ (2)
with X; = Xy = U. Under the (y-loss ((7,y) = —(J — y)?/2,
PR = Y% = gt = Y = 0.

Thus, LOCO/CPI consistently declare both unimportant, regardless of the value of (31, f2).

Example 6 (Dependent features with an injective mapping). Now suppose X; = X2 = U?
with U symmetric in the same model (2). Then

YEO = U =0, P =y = BV(U).

Thus, LOCO/CPI down—weights X; entirely: when ; # 0 but Sy = 0, neither of the fea-
tures is viewed as important by LOCO/CPI. Furthermore, although X5 is assigned nonzero
importance, the assigned value only captures the linear contribution 83V (U), which underes-
timates the total predictive signal V(E[Y | U]) = V(8,U? + 8,U). Thus, even when only one
feature is treated as important, the full predictive variability is still not accurately reflected.

These examples highlight a fundamental limitation of LOCO and CPI: when features
exhibit strong dependencies, these methods can either completely miss important variables
(assigning zero importance to genuinely influential features) or severely underestimate their
predictive contribution. This also undermines the interpretability and reliability of these
importance measures in real-world applications where feature dependencies are the norm
rather than the exception. This motivates the need for a new feature importance notion
that is robust to feature dependencies. These failures underscore the need for a new notion
of feature importance that is robust to feature dependencies.



3 Disentangled feature importance

3.1 Disentangled representations

As illustrated by the previous examples, existing measures such as LOCO and CPI can be
severely distorted when strong dependencies exist among input features. To overcome this
limitation, we propose to transform the features into a disentangled space before computing
feature importance.

Specifically, we seek a transformation 7' : R? — R? such that

7 =T(X)

has independent coordinates, ideally matching a simple reference distribution such as a
standard multivariate Gaussian N (0,). Without loss of generality, we assume Z; has
zero mean and unit variance for all j = 1,...,d. This approach provides a principled,
nonparametric method for decorrelating features while preserving the essential structure of
the data.

Once the disentangled representation Z = (Zy,. .., Z,) is obtained, we define the feature
importance for each coordinate Z; as follows. Let pu(z) = E[Y | X = z] and n(z) :=
w(T7(2)) denote the regression functions in the two feature spaces. For each feature j € [d],
we define the feature importance measure under ¢»-loss:

¢z,(P) :=E[V(n(2) | Z-5]. (3)

From Lemma 2.2, this measure coincides with both LOCO and CPI, except it is defined for
the latent feature Z instead of the raw feature X.

Since the coordinates of Z are independent (or at least weakly dependent), the correlation
distortion that affected traditional importance measures on X is mitigated. Importantly,
the feature importance measure ¢z; defined in (3) accurately reflects the intrinsic predictive
contribution of each feature.

This property is formalized in the following proposition. Thus, in the disentangled space,
the importance of a latent feature faithfully identifies whether it truly influences the predic-
tion function, without being confounded by dependency among features.

Proposition 3.1 (Free of correlation distortion). For f5-loss, ¢z, = 0 if and only if E[Y" | Z]
does not depend on Z; almost surely.

3.2 Importance attribution for raw features

After computing feature importance for the disentangled features Z, our goal is to attribute
importance back to the original features X. To define a meaningful importance score ¢y,
for each original feature X;, we seek to satisfy the following properties:

(1) Tight statistical error control: If the outcome Y does not depend on X; conditionally,
and X, is independent of the other covariates, that is, E[Y | X] = E[Y | X_] and
X; 1L X_;, then the importance score satisfies ¢x, = 0.
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(2) Power to detect relevant covariates: If X; affects the outcome, either directly or through
its dependence on other covariates—formally, if E[Y | X] # E[Y | X_] or X; 1 X_,,
then ¢x, > 0.

In other words, an ideal importance measure should be both parsimonious (assigning zero
to truly irrelevant features) and exhaustive (detecting all forms of feature influence, whether
direct or combinatorial).

Towards this goal, we define the feature importance score ¢y, for each original feature
X; by transferring importance from the disentangled features Z back to X through the
sensitivity of Z; with respect to X;. Formally, we define the disentangled feature importance
(DFI) measure as

d
ngl (HD) = Z E ) (4)

v (]E[Y | Z] ( Z_j> (g—Z)Q
0X;

where 57, denotes the partial derivative of X; = ¢/ T~1(Z) with respect to Z;.

The inner term V(E[Y | Z] | Z_;) is the first-order Sobol index of Z;, representing the
“intrinsic” predictive signal uniquely attributable to that disentangled direction. Multiplying
by (8Zle)2 gauges how strongly fluctuations in Z; are expressed through X;; integrating
over the data distribution averages these local sensitivities into a global importance score.
Thus, ¢x, quantifies how much of the irreducible signal carried by all latent directions is

channelled through Xj.

3.3 Properties

We now analyze the properties of the proposed feature importance measure, focusing on its
behavior with null and dependent features.

On one hand, the null features get assigned zero importance by DFI. Specifically, for any
S C [d], if the map factorizes as T' = (Ts, Tsc), then X is null features (i.e., E[Y | X]| =
E[Y | Xs] and Xs 1 Xsc), if and only if ¢z, = 0 for all j € S¢, if and only if ¢x, = 0 for
all 7 € 8¢ The factorization of the map naturally holds for the optimal map on product
measures on (Xg, Xse).

On the other hand, DFI captures truely important features among dependent features.
To see this, we revisit the examples of perfectly correlated features from Examples 5 and 6 to
demonstrate how the proposed measures handle feature redundancy and allocate importance
in the presence of dependence.

Example 5 (Continued). For Z; = X; = Xy = U and Z, ~ N (0, 1) independent of Z;, we
have

bx, = dx, = 0z, = (b1 + 2)°V(U), ¢z =0.

Because both X; and X, have importance measures equal to the total variation of the
regression function V(E[Y | X, X5]) = V(E[Y | Z]) using Z alone, we can either include
only X; or X5 into a prediction model instead of both.
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Example 6 (Continued). For Z; = Xy = U and Zy ~ N (0, 1) independent of Z;, we have

¢X1 = (B%E[UQ] +62)/47 ¢X2 = szl = V(ﬁlUQ +52U)a ¢>Zz =0.

Because ¢x, < ¢x, = ¢z, it suggests that one can only include X5 in the prediction model.

Compared to LOCO and CPI, DFT attributes the total predictive variability V(E[Y | X])
of the combined predictive power to each dependent feature, as shown in the above examples.

3.4 Disentangle tranformation

The key component of DFI is the transform map 7. Depending on the distributions of
features and/or latent variables, some common choices of transport maps include:

(1) Bures-Wasserstein map (Givens and Shortt, 1984): If X ~ N(0,%) and Z ~ Ny(04, 1),
the optimal map is the whitening transform T'(z) = I

(2) Knothe-Rosenblatt transport (Rosenblatt, 1952): For any X with joint distribution func-
tion F and Z ~ Unif[0, 1]%?, the triangular Knothe-Rosenblatt transport map is given
by T(x) = (Fx,(21), Fx,)x, (%2 | 21), -+, Fxyx_yy (Ta | Ta-17)), which pushes X to
Z ~ Unif[0, 1]#.

For our theoretical analysis, we focus on the optimal transport map, which provides a
principled method for transforming one probability distribution into another by minimizing
a specified transportation cost. Consider two probability measures Py and P, on R?. Given

a cost function c¢(x, z), the Monge problem of optimal transport seeks a measurable map
T : RY — R? solving:

inf T(x))dP 5
ot [ el T Px(a), 5
where T}Px = P, indicates that 7" pushes forward Py to Py, i.e., Z = T(X) ~ P, whenever
X ~ Px. In this work, we focus on the squared Euclidean distance:

o(w,2) = |z — 2|

Under this quadratic cost, optimal transport maps exhibit desirable mathematical properties,
leading naturally to disentangled representations of the original random feature X.

To guarantee the existence and uniqueness of the optimal transport map, we impose the
following standard assumption:

Assumption 3.1 (Absolute continuity). The measure Px is absolutely continuous with re-
spect to the Lebesgue measure on R,

Under Assumption 3.1, Brenier’s theorem (Brenier, 1991) guarantees the existence of a
unique (almost everywhere) optimal transport map, represented as the gradient of a convex
function:
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Theorem 3.2 (Brenier’s theorem). Under Assumption 3.1, there exists a convex potential
function ® : R? — R such that the optimal transport map is uniquely determined P x-almost
surely by:

T(x) =Vo(x).

Consequently, the random vector Z = T(X), obtained via an optimal transport map,
provides a unique (up to a set of measure zero) disentangled representation of the original
data X. By ensuring Z has independent coordinates, we effectively mitigate issues associated
with feature correlation when attributing feature importance. In the next section, we analyze
the statistical properties for estimation and inference of the target estimands defined in (3)
and (4) under this setup.

4 Statistical estimation and inference

4.1 Estimation of disentangled feature importance

Suppose we are given estimators fi for the conditional mean function y and T for the transport
map 7T'. We define the corresponding estimator for feature importance as:

~

52, (B) = 3B, [(V P [AZDN) ~ (v ~7(2))], ©)

where Z is the disentangled representation and ZU) is a modified version of Z in which the
J-th coordinate Zj is replaced by an independent copy Z; ~ Z; (independently of everything

else), while the other coordinates remain unchanged, Z U — Z_;. Here, P, denotes the

—J
empirical average over n samples of (Z, X,Y) and P denotes the empirical average over

Z](.j),m
m samples of Zj(j ),

From Lemma 2.2, we know that both the LOCO and CPI estimators target the same
underlying feature importance functional. In this work, we adopt the CPI-type estimator for
the transformed features for several reasons. First, it avoids the need to retrain a regression
model for n_;(Z_;) = E[Y | Z_;] after each perturbation of the latent feature; only the full
regression model 7 needs to be estimated once, which depends on both the original regression
model i and the transport map 7. Second, because the coordinates of Z are independent,
sampling Z; conditional on Z_; (as required in the standard CPI procedure) simplifies to
sampling Z; independently. This simplification remains valid even when Z is estimated by
7. Finally, under our construction, the conditional covariate distribution required by CPI
simplifies due to independence.

To present our main results on the statistical properties of the proposed estimator, we
first introduce technical assumptions. Apart from Assumption 3.1, we also require convexity
of the Brenier potential.

Assumption 4.1 (Convexity). The Brenier potential ® is a convex function such that ® €
C2(RY) and N1, X V2®(z) < Ay for all x € RY and for some universal constant A > 1.

13



Additionally, we require the following assumptions on the distributions of the covariate
and response, as well as the regression function.

Assumption 4.2 (Data model). There ezists a constant C' > 0 such that the following holds
with probability tending to one as sample size tends to infinity:

(1) Covariate: the random vector X is absolutely continuous with respect to the Lebesgue
measure in R? with zero mean and bounded second moment: E[X] =0 and || X ||, < C;

(2) Response: the responseY has zero mean and bounded variance: E[Y] =0 and E[Y?] < C;

(8) Regression function: the ranges of u and i are contained uniformly in (—C,+C), and
p is Lipshitz continuous with Lipshitz constant Lip(p) = L,,.

We can decompose the estimation error into two primary sources, namely, the error in
estimating the conditional expectation p and the error in estimating the transport map 7.

Theorem 4.1 (Estimation error decomposition). Under Assumptions 3.1-4.2, if the nui-
sance estimator (ji, f) of (u,T) is independent of n observations of O = (Z, X,Y’), such that
e, = |1l — pllzopy) < 1/V2. Denote Aj(z) := n(z) — n_;(2). Then the correlated feature
importance estimator (6) satisfies that

67,(P) — ¢z,(P) = (P — P){ipz,(0;P)} + O(n™2€, + £2),
with probability at least 1 — 5i. Here, the influence function is given by
2,(0;P) = 2(Y —0(2))A;(2) + A(Z)" — 62,(P),
and the remainder term is given by &, 1= || — |, ) + IT — T Lo(ex)-

From Theorem 4.4, because the error term is second order in the estimation error of the
regression function g and the transport map 7. This error term vanishes as long as the
product of the two estimation errors decays faster than n='/2, exhibiting doubly robustness.
On the other hand, as the first term of the decomposition is a centered empirical process, it
converges to a standard normal distribution. These observations give rise to the following
asymptotic normality, which one can use to perform inference.

Corollary 4.2 (Statistical inference). Under the same setup as in Theorem 4.1, if ¢, > 0,
if Hﬁ - /“L“LZ(PX) = 0(71_1/4) and HT - T”Lz(PX) = O(n_1/4>7 then

Vi(7,(P) = $2,(P)) = N (0, Vlpz, (O; P))). (7)
The influence function can be estimated via
72,(0:B) =2v ~(2)) (7(2) ~ B0 @(29) + (1(2) ~ B0 [1(Z29)) = G,

where 7j = Jio T~'. Consequently, the asymptotic variance V[ z;(O;P)]/n can be estimated
with 62 = V,,[5(O; P)]/n.
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Remark 4.1 (Confidence intervals near the null). When ¢z, > 0 is independent of the
sample size n, Equation (7) provides valid confidence interval Cy, o = (¢pz; — 220, ¢z, + 220)
such that IP)(QASZ]. € Cha) =2 1 —a. When ¢z, = 0, the influence function vanishes and
asymptotic normality does not hold anymore. In more general cases when ¢z, is a function
of n and converges to zero, finding a uniformly covered confidence interval is unsolved, due
to the behavior of quadratic functionals. Though one way to mitigate such an issue is to

expand the confidence interval by O(n~2) to maintain validity at the expense of efficiency
at the null; see Verdinelli and Wasserman (2024b, Section 6).

4.2 Estimation of attributed feature importance

Proposition 4.3 (Efficient influence function of ¢x,(P)). Let O = (X,Y) ~ P with X € R?
and Y € R. Let T : R? — R? be a transport map and write Z = T(X). Fix 5,1 € [d] and set

Aj(z) =n(2) = n-(2),  Hu(z) := (85(T 7 )i(2))*.
Define the parameter
ou(P) :=P{A;(Z2)* Hy(X)},  0u(P) := P{H(X)}.

Assume a non-parametric model M in which Y | X = x has finite second moment for P-a.e.
7, and the efficient influence function ¢, of O(IP) exists. Then, ¢;; is pathwise differentiable
at every P € M with efficient influence function

Va2, (05 P) = Hy(X)A(Z)* — ¢(P) + 2Hu(X)[Y — n(2)]A4(2)
+ (01, (05 P) — H(X) + 6;(P))A;(Z)*. (8)

In general, obtaining a closed-form expression for the efficient influence function of a
functional 0;(P) is challenging. For the class of transport maps introduced in Section 3.1,
this task becomes more tractable. Below, we restrict attention to the Gaussian setting.

Assumption 4.3 (Covariate distribution). X ~ N(0,%) and A\™'I; < ¥ < Xy for some
constant A > 1.

Under Assumption 4.3, the optimal Brenier map is linear and therefore admits an explicit
form. By Theorem 3.2, this map is Px-almost surely unique, ensuring that the associated
feature-importance measures ¢z, and ¢y, are likewise well defined and unique. We have the
following result.

Theorem 4.4 (Estimation error of ¢x,(P) under Bures-Wasserstein transport). Under As-

sumptions 3.1-4.3, consider the Bures-Wasserstein transport map Z = T'(X) = L™'X where
L := Y2, and the nuisance estimator (%I, L) of (u, L) is independent of n observations of
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O = (Z,X,Y). The attributed feature importance estimator
Ox,(P) : ZP (Bl =z - (v —#(2)} )

satisfies that:

ox,(P) — ¢x,(P) = (P, — P){px,(0;P)} + Op(n~"2¢, + £2),

where the efficient influence function is given by

vx,(0; P) (2))A;(Z) + A;(2)?] — ¢x,(P),

IIFﬂp~

and the remaining term satisfies that &, := || L|2]|i — pllz, + t2(2)72|L — L]lop.

Several comments concerning the scope and implications of Theorem 4.4 follow.

Firstly, the normality assumption on X (Assumption 4.3) is a sufficient but not necessary
condition. The conclusions of Theorem 4.4 hold more generally for any invertible linear
transport map whose singular values are bounded away from zero and infinity, thereby
ensuring the stability of the transformation.

Secondly, the proof strategy is not confined to the optimal transport map. It can be
readily extended to settings involving nonlinear or non-optimal maps, which may be moti-
vated by computational efficiency. The principal requirement for such an extension is the
derivation of the efficient influence function for #(P) under the new map, as demonstrated
for the Knothe-Rosenblatt map in Appendix B.6.

Thirdly, the linear expansion of ¢x, possesses a remainder term of the same order as that
for ¢z, in Theorem 4.1. This term is second-order in the estimation errors of the two nuisance
functions, the regression function p and the transport map L. This structure implies a form
of double robustness, which is highly desirable for statistical estimation.

Finally, the feature importance ¢y, is constructed as a weighted average of the disen-
tangled importances {¢z, };l:l. Its influence function inherits this same weighted-average
structure. While individual components in the expansion of ¢x, might appear to depend
on the dimension d, the weights sum to the feature’s variance, V(X;). This result frames
our measure as a direct nonparametric extension of the classical variance decomposition in
Example 1, as we will discuss in Section 4.3.

Remark 4.2 (Estimation of linear transformation L). To construct the linear transforma-
tion L and the disentangled features Z = L='X, one must estimate both 3 and its inverse.
However, the error bound in Theorem 4.4 depends only on the accuracy of L. Under As-
sumption 4.3, the perturbation bound for matriz inversion guarantees that |[L™' — L™ ||op is
of the same order as ||Z — L||op, so controlling the latter suffices.

When d s fized and n — o0,

N - 22E =3,
||E . Z”Op _ Op(dl/Qn_l/Q), ||Z_1 . Z_lnop S ﬁ( ) H _ H P ’
1= K(2) [ = Zlop
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where k(X)) = || S Hopl|Zlop s the condition number. Hence IZ — Ll||op and |2 — L™ op
share the same Op(n~"2) rate up to x(X)2.

If d > n, one can combine (a) thresholding or tapering for ¥ and (b) a sparse precision
estimator such as the graphical Lasso

0 = argmin{— log det © + tl"(i@) +A Z ’@ij’}7
00 i

with A < y/logd /n to obtain L2 = ©. Under the usual sparsity and eigenvalue conditions
(Wainwright, 2019, Sec. 11.2),

122 = Llop = 118 = 7 [lop = O sery/ 222)

where Seg bounds the number of non- zeros per row/column of X~'. These results could
possibly be used to extend Theorem 4.4 to a high-dimensional setting.

4.3 Connection to R? decomposition of correlated linear regression

In the special case where the transport map 7 is a linear transformation, the relationship
between the importances in the X-space and the Z-space simplifies. Specifically, if T is
linear, we expect that ¢x,(P) reduces to linear combination of ¢z, (IP)’s:

¢x, (P Z Lii¢7,(P (10)

where the weights depend on the entries of the linear map. Thus, in the linear case, the
feature importance for X; can be interpreted as a weighted combination of the importances
of the disentangled features Z;.

Proposition 4.5 (Decomposition of feature importance). Under the same settings as The-
orem 4.4, it holds that

ZE]]¢Z Z¢Xz (11)

A consequence of Proposition 4.5 is that for standardized features, where V[X;| = 1
for all [ = 1,...,d, the total feature importance is conserved under the optimal transport
map: Z;l:l ¢z, (P) = S°% | éx,(P). This equality provides a crucial link to classical regression
analysis. For a multiple linear regression model, our measure precisely recovers the terms
of the R? decomposition discussed in Example 1. Therefore, this result establishes our
framework as a nonparametric generalization of R?* decomposition (Genizi, 1993).
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Example 1 (Continued). Consider the multiple linear model (1), for the disentangled fea-
ture Z = N2 X ~ Na(0,I), one can show that ¢z = (ejTZ%B)Q. Then, we attribute
importance to original features ¢y, = Z?ZI(E%)?@ZJ. based on (10), which coincides with
the decomposition of the coefficient of determination R? for linear regression with correlated
regressors (Genizi, 1993).

More generally, for any positive definite covariance matrix ¥, one has ¢z, = E;jl/ 2(6?2% B)2,
while the attribution relationship (10) remains the same.

5 Simulation

5.1 Comparative analysis of importance attribution

In the first simulation study, we present the following four simulated examples. In each
case, we plot the estimated importance of all features (averaged over 100 simulations) with

a different value of correlation p between the features. In each case, the sample size is
n = 1000.

(M1) Linear Gaussian model: Y = 5X; + &, where ¢ ~ N (0,1) and X ~ Njo(0,%) with
diag(X) = 1, X152 = X1 = p and zero otherwise.

(M2) Non-linear model: Y = 5cos(X;) + 5cos(Xy) + €, with the same covariate and noise
as (M1).

(M3) Piecewise interaction with indicators: ¥ = 1.5X1 Xy Tyx, >0y +X4X5 Lix,<0) +€, where
g~ N(O, 1) and X ~ N5(0, E), E]J = 1, 212 = 221 = 245 = 254 = pP, and 0 otherwise.

(M4) Low-density model: Y = 5X; + &, where X_5 ~ Ny(0,1), Xy = 3X?2 + 6 and (4,¢) ~
N5(0,1).

In our analysis, we denote the feature importance measures derived from our framework
as DFI (¢x,) and DFI-Z (¢z;). We compare their performance with several established
methods: LOCO, nLOCO (normalized LOCO; Verdinelli and Wasserman, 2024b), dLOCO
(decorrelated LOCO; Verdinelli and Wasserman, 2024a), and the Shapley value (Shapley,
1953). For dLOCO and Shapley values, we use sampling approximation as described in
Verdinelli and Wasserman (2024b), with 1000 and 100, samples respectively, to reduce com-
putational burden. All methods employ two-fold cross-fitting, where one fold estimates the
nuisance functions (regression models and transport maps) and the other fold computes the
importance measures. For nuisance function estimation, we use a random forest with 500
trees and a minimum of five samples per leaf. The comparative results for the four simulation
models are presented in Figures 1-4.

In the linear model (M1), as shown in Figure 1, all methods perform well under weak
correlation (p = 0.2), correctly identifying X; as the important feature. However, under
strong correlation (p = 0.8), the importance value of LOCO and nLOCO diminishes for X;
in the presence of a correlated feature Xs, illustrating the correlation distortion issue noted by
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Figure 1: Simulation results under (M1). (a) weak correlation (p = 0.2); (b) strong correlation
(p = 0.8). For every method, the number shown in parentheses is the total importance; this sum
should converge to the signal variance V[E[Y | X]] = 25 when the covariates are independent
(p = 0). Bars give the mean over 100 random seeds, and the error bars indicate the corresponding
standard deviations. The heatmap on the right visualizes the weights (E%) le that transfer impor-
tance from the latent coordinates to the observed features.

Verdinelli and Wasserman (2024a). In contrast, dLOCO, Shapley, and DFI correctly assign
a larger importance value (> 16) to X, while only the latter two measures acknowledge X,
to be informative, though less important than X;. In addition, only the total importance
calculated by DFI is approximately equal to the total predictive variability, V(E[Y | X]).

For the nonlinear model (M2), presented in Figure 2, all methods correctly identify the
two equally important features, X; and X5. However, the LOCO variants and the Shapley
value substantially underestimate their importance. Only DFI accurately captures the total
predictive variability and distributes it equally between the two features. Similar results are
observed for the piecewise interaction model (M3) in Figure 3, where LOCO-based methods
again underestimate the importance of the correlated features.

Finally, we consider model (M4), where X; and X, exhibit a non-linear relationship
but are linearly uncorrelated. This represents a misspecified setting for our method, as
DFI seeks the best linear projection to explain the data generating process. As shown in
Figure 4, the LOCO variants assign almost all importance to X;. In contrast, both Shapley
and DFI recognize Xy’s relevance. Although the true model depends solely on X, knowing
X5 reduces uncertainty about the magnitude of X;, which may be valuable for prediction.
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Figure 2: Simulation results for model (M2). (a) weak correlation (p = 0.2); (b) strong correlation
(p = 0.8). The interpretation of the bars, error bars, and heat-map is identical to Figure 1. The
number in parentheses is the total estimated importance, which should be close to the signal
variance V[E[Y | X]] = 25 + 25e™% — 100e ™" + 50e ™! cosh(p) (which is &~ 10 when p = 0, and =~ 20
when p =1).

With the optimal nonlinear transport map, this discrepancy would vanish. However, under
the linear transport constraint, DFI’s partial attribution to X, represents the best linear
approximation to the true disentangled representations under model misspecification.

Across all scenarios, our proposed DFI framework provides a more consistent and in-
terpretable assessment of feature importance than the compared methods, especially in the
presence of feature correlations and non-linearities.

5.2 Inferential validity and computational performance

Beyond providing accurate point estimates, a practical feature importance measure must
allow for valid statistical inference and be computationally tractable. In our second simu-
lation study, we evaluate these quantitative aspects of DFI and its competitors. We assess
inferential validity by examining the empirical coverage rates of the confidence intervals
constructed for the importance measures. As shown in Table 1, DFI, along with the other
methods, achieves average coverage at or above the nominal 95% level, confirming the validity
of our asymptotic theory.

However, a key practical advantage of DFI lies in its computational efficiency. As illus-
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Figure 3: Simulation results for model (M3). (a) weak correlation (p = 0.2); (b) strong correlation
(p = 0.8). The interpretation of the bars, error bars, and heat-map is identical to Figure 1. The
number in parentheses is the total estimated importance, which should be close to the signal
variance V[E[Y | X]] = (26 + 27p?)/16.

p 0 0.4 0.8
n 100 250 500 750 100 250 500 750 100 250 500 750
DFI 0.944 0.969 0.988 0.991 0.941 0.981 0.988 1.000 0.962 0.975 0.994 1.000

DFI-Z 0.959 0.969 0.984 0.975 0972 0984 0.984 0.997 0984 0975 0.994 0.991
LOCO 0984 0.956 0.941 0.959 0.988 0.966 0.953 0.944 0.941 0.972 0.966 0.956
dLOCO 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.997 1.000
nLOCO 0.981 0.956 0.941 0.956 0.991 0.966 0.953 0.941 0.944 0.975 0.966 0.953

Table 1: Coverage of different importance measures for the null features (Xs, ..., X19) under
model (M1) with a nominal level of o = 0.1.

trated in Figure 5, DFI is significantly faster than competing methods that also account
for feature correlations, such as dLOCO and sampling-based approximations of the Shapley
value. This efficiency stems from DFI’s design, which avoids both the need to refit multiple
submodels (a drawback of LOCO-based approaches) and the direct estimation of complex
conditional distributions (a challenge for standard CPI). This combination of statistical ro-
bustness, inferential validity, and computational efficiency makes DFI a practical tool for
researchers analyzing complex, high-dimensional datasets.
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Figure 5: Computational time of different feature importance measures in the logarithmic scale.

6 Real data

In this section, we demonstrate the application of DFI to a real-world dataset from HIV-1
research, aiming to identify viral envelope features that predict resistance to the broadly neu-
tralizing antibody VRCO1. This is a critical step toward designing effective HIV-1 vaccines
and antibody-based therapies. The dataset, introduced by Montefiori (2009) and previously
analyzed by Williamson et al. (2023), contains highly correlated genomic features, presenting
a suitable and challenging test case for our method. While Williamson et al. (2023) address
feature correlation by assessing marginal importance, DFT offers a principled framework for
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directly attributing the predictive signal.

Following the preprocessing steps of Williamson et al. (2023), with additional standard-
ization of features and the outcome, the data comprises 611 samples and 832 features or-
ganized into 14 groups. The outcome is a binary indicator of whether the 50% inhibitory
concentration (ICsq) was right-censored, where high ICy, values signify viral resistance to
neutralization (Montefiori, 2009). The additive structure of the DFI measure (4) facilitates
the assessment of group importance for a feature set Xg with G C [d], defined as

xo®) = S5 B[V (=1 2] 2.) (2

leg j=1
The statistical estimation and inference framework from Section 4 extends directly to this
group setting. To ensure stable estimates, we compute the regression function and covariance
matrix on the full dataset, treating them as fixed for an algorithmic feature importance
analysis. To address the issue of inference near the null noted in Remark 4.1, we inflate the
estimated variance by n~1/2 /21— when computing p-values at a significance level of a.

For a = 0.05 (with Bonferroni correction for one-sided tests), DFI identifies 218 of 832 fea-
tures as significant in the disentangled space and 726 of 832 in the original feature space. The
group-level importance results are summarized in Figure 6. The analysis reveals that a few
feature groups are significantly associated with VRCO1 neutralization resistance. The three
most influential groups are Group 5 (Sites with residues covarying with the VRCO01 binding
footprint), Group 6 (Sites linked to VRCO1-specific potential N-linked glycosylation effects),
and Group 1 (VRCO1 binding footprint). These groups exhibit the highest importance and
Z-scores, indicating strong statistical significance that far exceeds the Bonferroni-corrected
threshold. This finding suggests that the interplay between the VRCO01 binding footprint
and glycosylation patterns is a primary determinant of neutralization sensitivity.

Groups 2 (CD4 binding sites), 3 (Sites with sufficient exposed surface area), 8 (Sites for
indicating N-linked glycosylation), and 4 (Sites identified as important for glycosylation) also
demonstrate significant, though comparatively lesser, importance. The remaining groups,
which include those related to viral geometry and geographic confounders, show minor im-
portance, with several failing to reach statistical significance. These findings are largely
consistent with those of Williamson et al. (2023), which used different importance measures,
though our analysis provides a slightly different ranking of the most important groups.

7 Discussion

In this paper, we introduced disentangled feature importance (DFI), a framework that ad-
dresses the fundamental challenge of measuring feature importance when predictors are cor-
related. Traditional methods like LOCO, CPI, and Shapley values suffer from correlation
distortion, where a feature may appear unimportant simply because its predictive signal is
captured by correlated variables. Our approach overcomes this limitation by first transform-
ing features into a disentangled space where they are independent, measuring importance
in this space, and then attributing importance back to the original features. For Bures-
Wasserstein transport map, we develop statistical theories including asymptotic normality

23



A0 W N R O W

Group Number
- = e
P R i

Feature Group Importance (DFI)

Feature Group Z-scores

p=0.05
—==- Bonferroni p=0.0036

Feature Group Annotations
. VRCO1 binding footprint
. CD4 binding sites
. Sites with sufficient exposed surface area

. Sites identified as important for glycosylation

Sites with residues that covary with
* the VRCO1 binding footprint
Sites associated with VRCO1-specific
* potential N-linked glycosylation (PNGS) effects

« gp41 sites important for VRCO1 binding
. Sites for indicating N-linked glycosylation

©W 0NV A WN R

. Majority virus subtypes

10. Region-specific counts of PNGS
11. Viral geometry

12.

13, Steric bulk at critical locations

14. Geographic confounders

0.00 0.02 0.04 0.06 0.08 0.10 0 2 4 8 10

6
Group Importance Z-score

Figure 6: Feature importance of antibody against HIV-1 infection. (a) The bars show the point
estimate, while the error bars indicate the values within one estimated standard deviation. (b) The
corresponding Z-score for one-sided tests of Ho; : ¢x,(P) < 0. (c) Feature group description. Stars
« and * denote importance deemed statistically significantly different from zero at the 0.05 and
0.0036 (0.05/14) levels, respectively.

and efficient influence functions. Notably, our method recovers the classical R? decomposition
for linear models, positioning DFI as a natural nonparametric extension of this fundamental
concept.

The practical advantages of DFI extend beyond its theoretical properties. Unlike Shap-
ley values, which require fitting exponentially many submodels, or CPI, which necessitates
learning conditional distributions, DFT leverages the independence structure of disentangled
features to avoid both computational bottlenecks. Our simulation studies demonstrate that
DFI consistently captures the total predictive variability and distributes it appropriately
among features, even under strong correlations where traditional methods fail. The method
performs well in nonlinear and misspecified settings and correctly identifies relevant features
that other approaches miss due to correlation effects.

Despite these strengths, several limitations warrant consideration. Our theoretical frame-
work assumes absolutely continuous covariate distributions, which may not hold for discrete
or mixed-type data commonly encountered in practice. While our empirical results suggest
reasonable performance in various settings, formal extensions to such cases require further
development. Additionally, like other methods based on quadratic functionals, statistical
inference near the null hypothesis presents challenges. When true feature importance is zero
or very small, standard confidence intervals may not maintain proper coverage, though this
issue can be mitigated by expanding intervals at the cost of reduced efficiency.

Several promising research directions emerge from this work. First, developing compu-
tationally efficient methods for high-dimensional transport map estimation represents a key
practical challenge. Modern generative models, such as variational autoencoders or diffusion
models, could provide scalable alternatives for learning disentangled representations. Sec-
ond, extending DFI beyond squared-error loss to classification and other prediction tasks
would significantly broaden its applicability. Third, developing local versions of DFI for
individual-level feature importance could bridge the gap between global and local inter-
pretability methods. Finally, incorporating domain knowledge such as feature hierarchies or
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network structures into the disentanglement process could yield more powerful and contex-
tually relevant importance measures.

Supplement

The appendix includes proof of all the theoretical results.
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Appendix

The appendix includes the proof for all the theorems, computational details, and extra
experimental results. The structure of the appendix is listed below:

Outline. The structure of the appendix is listed below:

Appendix Content
. Appendix A.1 Proof of Lemma 2.1.
Appendix A Appendix A.2 Proof of Lemma 2.2.
Appendix B.1  Proof of Proposition 3.1.
Appendix B.2 Proof of Theorem 4.1.
. Appendix B.3  Proof of Proposition 4.3.
Appendix B Appendix B.4 Proof of Theorem 4.4.
Appendix B.5  Proof of Proposition 4.5.
Appendix B.6  Extension to Knothe-Rosenblatt transport map.
. Basic properties of estimators: Lemma C.1,
Appendix C.1 Proposition C.2.
Appendix C Appendix C.2 Basic properties of transport maps: Lemmas C.3 and C.4.

Lemmas related to LOCO estimation: Lemmas C.5

and C.6.

Lemmas related to the disentangled feature importance
estimator: Lemma C.7, Proposition C.8, and Lemma C.9.

Appendix C.3

Appendix C.4
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A Proof in Section 2

A.1 Proof of Lemma 2.1

Proof of Lemma 2.1. Note that X 11 YV | X_;, because X](j) is constructed without using
Y (ie., X;j) 1L Y | X ;). From the construction of X)| we have that X " X, Under

the null that X; 1LY | X_;, we further have (X0, Y) " (X,Y) and u(X) = p_;(X_;) =

(X)), Consequently, %, = ¥ = 0. This finishes the proof. ]

A.2 Proof of Lemma 2.2

Proof of Lemma 2.2. For any random variable W its variance can be expressed as V[W] =
E[(W —E[W])?] = E[(W — W")?]/2 where W’ is an independent copy of . Conditioned on
X_;, it follows that

V[u(X) | X_j] = E[(u(X) = E[p(X) | X_])* | Xj] = E[(n(X) — p—j (X5))* | X_j]

VIH(X) | X ] = SE[u(X) ~ Bu(X D) | X)) | X)) = JE{(u(X) — u(XD))? | X_,].

On the other hand, for /5>-loss, we have
$0=E[(Y — pj(X-))*) = E[(Y — u(X))?]

= E[(u(X) — p—j(X_;))?] = 2E[(1(X) = V) (u(X) — p—j(X_;))]
= E[(u(X) — p—j(X_;))?,

because E[Y (1u(X) — p—j(X-))] = EE[Y (u(X) — p—j(X-;)) | X]] = Elu(X)(u(X) -
p—;(X_;))] by iterative expectation. Analogously, one has

205 = E[(Y — u(XD))’] = E[(Y — u(X))?]

= E[(u(X) — p(XD))*] = 2B[(u(X) = V) ((X) = p(X))
= E[(u(X) = u(XV))7].

Combining the above results finishes the proof. m
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B Proof of main results

B.1 Proof of Proposition 3.1

Proof of Proposition 3.1. From Lemma 2.2, we have ¢z, = E[V[u(W) | Z_;]]. Because
Vip(W) | Z_;] > 0, we have that ¢z, = 0 if and only if V[u(W) | Z_;] = 0 almost surely.
This is equivalent to (W) = E[pu(W) | Z_;] almost surely. Also note that E[Y | Z] = E[E[Y |
W1 | Z] =E[u(W) | Z] = u(W) because of W ~ p(W | Z) and tower property of conditional
expectation. Then, the condition is equivalent to E[Y | Z] = E[u(W) | Z_;| almost surely.
By the tower property, we also have E[u(W) | Z_;] = E[E[Y | Z] | Z_;] = E[Y | Z_;].
These imply that ¢z, = 0 if and only if E[Y" | Z] = E[Y | Z_;]. Because Z; and Z_; are
independent, E[Y | Z] = E[Y | Z_;] is equivalent to the event that E[Y" | Z] does not depend
on Z; almost surely. O]

B.2 Proof of Theorem 4.1
Proof of Theorem 4.1. We split the proof into three steps.
Step 1: Error decomposition for the LOCO functional. From Williamson et al.

(2021, Lemma 1), the efficient influence function for ¢, = E[(n(Z)—n—;(Z_;))*] is p(O;P) =
2Y =n(2))(Z)—n-j(Z_;)+(n(Z)—n-;(Z_;))* — ¢z,. Furthermore, for any given estimator

~

IP (with associated estimators 77 and 7_;) of the nonparametric model P, the LOCO estimator

OB 7g) = Pu [(V = 75(Z5)" = (Y = (2))*] | (12)

admits the following error decomposition (see the proof of Williamson et al. (2021, Theorem

1)):
OB 5, 75) — b2, = (P — P){p(O;P)} + R(B, P) + H(P, P),

where the first term scaled by /n is asymptotically normal by the Central Limit Theorem
(since ¢ is mean-zero and square-integrable), and the remaining terms read as

R(
H(

) = i = nllz, = M7 = llz, (13)

PP
P,P) = (P, — P){p(0;P) — p(O; P)}. (14)

Define the estimation errors:

0(Z) :=n(2) =n(2),  04(Z) = n4(Z-) = n3(Z).

By the Cauchy—-Schwarz inequality and the fact that P, —IP is an average of n i.i.d. mean—zero
variables,

= 'Var[goA - SOP} HSO - QOIPHL
H(P.P)| < |los — o TP T O | P22 ) 15
‘ ( ) )| = H P ]P’”LQ P \/ﬁ ( )
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Further by Lemma C.5, we have

H(B.P)| = O (% (180 + 1851 + = (1812 + ||6_j||L2>2) |

Consequently, we have

~ R 1
7 (B0, 1-5) — 6z, = (Pr = P){(O;P)} + Op(10]]7, + [10-5I7,) + %OP(H(SHLQ + 110-5lz,)-
(16)

Step 2: Error decomposition for the CPI functional. Next, we relate the CPI func-
tional to the LOCO functional. Recall that our estimator is defined as

62, 1= SB[V = ZD) = (v =22

Note that for n_; =n_;, _; = 0. We decompose the estimation error:

~

bz, = Oz, = [bz, — 07 (B0, 1) + [0 (P57, n—5) — ¢z,]

= SB[ A2~ ( —(Z,))

SR [V =R~ (¥ =0y (2-)))
+ (B = P){p (O P)} + Opl(n (8], +1132,)
1

1 -
= 5B+ SR+ (Pu = P{@(O:P)} + Op(n 2[00 + I017,),  (17)

where the emprical process terms R. and remaining bias terms R} are defined as:
Re = (P, — P)[pz, — 65 (P;7,7-;)]
Ry =Ploz, — 05 (B 5.n—;))-
Before analyzing each of these terms, we introduce
C=n(2) =n45(Z), G=nZV)=n(Z), & =7ZP)—n(ZY),
and write e :==Y — 1, U := ¢+ (, U;j := ¢ + ;. Because

Y =0(2)) = (Y —=n_;(Z_;))* = (U = 0)* = U? = 6* = 2U},
Y =729 = (Y = n_j(Z-))" = (U; = 6;)* = U* = &; — 2Uj5;,

we have
Re= 5 (B = B)[(Y =029 = (V =0 5(Z5)1 + 5 (Ba = B(Y = 7(2) = (¥ =1 5(Z))"
= % (P, —P)[6* — 2U6 + & — 2U;4;].
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Because ||d]|z., < 2C from Assumption 4.2 (3) and ||U||z, < C from Lemma C.1, we have

”52”122 < 20||5”L2
US|, < Uz, [16]]2, < 3C|6]| L,

Similarly, we have 2C'[|07||, < 2C [|0;]|1, and [|Ud;]|L, < 3C'[|d;]|z,. Additionally,
16517, = EE[@(ZY) = n(Z2D))* | Z_,)] = E[(7(2) — n(2))*] = 16112,
Hence, it follows that
R. = Op(n~Y%|6% —2U6 + 82 — 2U;6;||1,) = Op(n Y2 |61 1,). (18)

For the bias term, note that

(292 = (¥ =05 (Z_ )]+ 5 B ~A(Z)F (V=0 5(Z )] = At A,

£
|
|
=
~
|
=)

Using 9(ZW) —n_;(Z_;) = ¢+ 6; and E[Y —n_;(Z_;) | ZU),Z_;] = 0, the two terms of R
can be written as:

Ay = LE[Y — n(Z9) 4 9(29) ~ HED) — (¥~ (Z-)]
- %E[(Y = (29 + n(Z7) = (ZD)? = (Y = n_;(Z-)))’]
= Lo, + LEI(29) — (2O
1 1 e
= —Ecsz + §||5||L2
AQ ==

E[(Y —n(Z))* + (n(2) = (Z))* = (Y = n-3(Z-))"]

1
Gz, + §||5||%27

=N =N

"2

Hence, one has
R = ||l (19)
Combining (17), (18) and (19) yields that

b2, — bz, = (Bu=P){p(O; )} + Op(n (|61, + [1312,)). (20)

Step 3: bounding || — 7||1,r,). Recall that n =poT ', f=Jo f‘l, and decompose
for every z € Z

i(z) = n(z) = AT 7(2) = AT (2) + AT (2)) = w(T7H(2)) = Bi+ By (21)
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Term By is the transport error. Set X := T7Y(Z) ~ Px and X' := T-Y(Z) ~ Py, and
define

en = |10 — pll L@, ep—1 = [T = T7Y 1y, er = ||T = T||Ly@y)-

Introduce the truncation event E := {||Z| < R.,/A} with R., = \\/d+ 2log(1/e,), for
which P(E) > 1 — &7 by a Gaussian tail bound. On E both X and X' lie in the ball
B:={z e R?:||z| < R.,}. By Proposition C.2, with probability at least 1 — 7.,

Ly, == Lip(fi; B) < L,+CLX7?[d+ 2log(1/e,)] "/ e)/? (22)

oo

where C' = 44/2 is the universal constant from the proposition. Event (22) is contained in
E, so it also occurs with probability at least 1 — gi. At this event, we have

|Bi| = [A(X) = A(X)| < Ly, IX" = X[I,  Eg[By] < L,

2 272 _2
e €71 S ALy o e7s

Ep e

where the last inequality is from Assumption 4.1.
Term Bs is the regression error. By definition,

Ez[B3) = i — plZ,ey) = 5
Use the inequality (a + b)? < 2a? + 2b* with a = B; and b = By:
17 = 0llZ,,) = Ez[(B1 + B2)®] < 2Bz[B}] + 2B4[Bj] < 2)\°L7_ e + 2¢2.
Taking square roots and keeping only the leading factor v/2 yields
17 = 0lltaes) < V2ALyue, 67+ V2, (23)

with probability at least 1 — 5,%.
Finally, combining (20) with (23), we further have

¢z, — bz, = (Pn — P)p(O; ) + O(n 2| — pll} ) + 1T = Tll7p00) """
Hii = e + 1T = Tl @)

with probability at least 1 — ||z — u\|%2(]PX). This completes the proof. O
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B.3 Proof of Proposition 4.3

Proof of Proposition 4.3. Throughout the proof, we drop the subscript j for simplicity and
put

A0) = A(Z)),  B(O) = H(X),  4a(P) := PA(O)],  ¥p(P) = 0(P) =P[B(O)],

Step 1: EIF of A. From Williamson et al. (2021, Lemma 1), the efficient influence function
(EIF) of ¥4(P) = E[A(Z)?] is

pa(O;P) =2[Y —n(Z)]A(Z) + A(Z)* — $a(P).
Writing A.(O) = A(O) — ¢ 4(P) we therefore have the decomposition

0a(O;P) = A (O) + a4(0), as(0) :=2[Y —n(2)] A(Z).

Step 2: EIF of B. By assumption the (non-degenerate) parameter §(P) = E[H(X)] is
pathwise differentiable with EIF ¢y (O;P). Writing B.(O) = B(O) — 0(P) we set

ap(0) = ¢u(O;P) — B(0) = ¢ou(O;P) — {H(X) - 0(P)}.

Step 3: EIF of the product functional. Apply Lemma C.7 with A, B, a4, ap defined
above, it follows that

pazi(O;P) = A(O)B(O) — ¢(P) + B(0) aa(0) + A(O) ap(0).
Substituting the explicit expressions gives

paen(O;P) = H(X) A(Z) = ¢(P) + H(X){2[Y —n(Z)]| A(Z)}
+ A(2)* {er(0;P) — H(X) +0(P)}.

Re-arranging the terms completes the proof. O]
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B.4 Proof of Theorem 4.4

Proof of Theorem /.4. Before we present the proof, we will introduce some notation for
clarity. Fix a coordinate | € [d]. For each j € [d], define

Hj(z) = (0, T5(2))%,  Aj(2) = n(2) =n-j(z),  ¢u(P) = E[H;(X)A;(2)%).

Under the Bures-Wasserstein (BW) map T'(z) = Lz we have H;;(z) = L3
depends only on L := Y3, The target parameter is the sum ¢y, = ijl oj.(P).

J1» & constant that

Step 1: Influence function expansion. From Propositions 4.3 and C.8, the efficient
influence function of ¢x, is given by

px,(0;P) Z (L3 2(Y —0(2)) AJ(Z) + Dj(2)Y) = Ln(Z; 20 — 62) A(2)?} — éx,.

Let {(X;, Z;,Y:)}, be an i.i.d. sample independent of the nuisance estimates (7, ﬁ,j,f),
Hjy(x) = (O Tj(x))* and A;(z) = 7)(2) = 1-(2)-

Recall that the one-step estimator is defined as

PRCP) = ¢x, (P

= ox,(P) + Op(n 2|5, + [|6]12,), (24)

where the second equality follows similarly from Step 2 in the proof of Theorem 4.1 and the
remainder term corresponds to the difference of the LOCO estimator ¢LOCO(]P’) and the CPI
estimator ngXl( ), weighted by L?l’s. Note that 7_;(Z_;) = E[n(Z) | Z_;] and f(X) = LX
and OIIIA}(X )= Zjl; hence, we only need to estimate two nuisance functions, essentially.

Because the nuisance functions are estimated from independent samples other than P,,,
the classical von Mises expansion (see, e.g., Du et al. (2025b, Equation (2.2))) reads

SR =x, = (Pa=P){ox, (0; P)}+ (B, — P)[ox, (05 P) — 0x,(05 P)] + Pliox, (O3 P) — o, (O; P)]..

~
En Ry

(25)
It therefore suffices to show |E,| = Op(n~'2¢,), and |R,| = Op(e2).

Step 2: Bounding the empirical process term E,. Conditioning on the auxiliary
split, the summands ¢y, (O;P) — ¢x,(O;P) are i.i.d. with mean 0, so that

[Eal = |(Ba=P)[ox, (O B) —px(O:P)]| < 0712 oo, (05 ) — o, (O: Pl = Op(n™ 2 e)

where the last equality is from Lemma C.9.
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Step 3: Bounding the bias remainder R,,. From Lemma C.9, the bias term is bounded
by [Rn| = Op(e7).
Finally, combining the bounds for F,, and R,, with (24) and (25) completes the proof. [

B.5 Proof of Proposition 4.5
Proof of Proposition 4.5. Recall that

x, (P Z L}

Summing the above display over [ and exchanging the order of summation gives

d

> ox,(P) =D ¢z/(P) (Z Lsz) = Z w;¢z; (P). (26)

=1

Because L = L' and L? = X!, we have

d
w; =Y L =(L"L);; =%y (27)
=1

Substituting (27) into (26) yields that

Z 2]] ¢Z Z ¢Xl

which completes the proof. O]
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B.6 Knothe-Rosenblatt transport

The classical Brenier map is the unique solution of the quadratic optimal-transport problem
c(z,y) = ||z — y||3 (Brenier, 1991). A series of papers by Carlier et al. (2010); Bonnotte
(2013) shows that the triangular Knothe-Rosenblatt rearrangement Txgr may be recovered
from Brenier maps by anisotropically rescaling the cost:

co(w,y) = D M) () — )%,

where A;(g) > Aa(g) > -+ > Ay(e) and A\j11(e) / Aj(e) — 0 as € — 0. Typical weights are
\j(e) = 771 Let T. be the Wh-optimal map for ¢.. Then, whenever the source measure P
is absolutely continuous and the target Q is non-degenerate, Carlier et al. (2010, Theorem
3.1) implies that

T. — Txr in L*(P) as € — 0.

Hence Txgr inherits a genuine optimal-transport interpretation: it is the map one obtains
when infinitely prioritising the first coordinate over the second, the second over the third, and
so on. The resulting continuation path ¢ +— T, provides a homotopy strategy for numerical

solvers that bridges the inexpensive Tkgr and the fully isotropic Brenier map (Carlier et al.,
2010).

Below, we recall a self-contained existence lemma.

Lemma B.1 (Knothe-Rosenblatt (K-R) transport). For two Borel probability measures P
and Q on R?, consider the transport map T : X — Z such that TyP = Q:

T(x1,...,2q) = (Th(z1), To(z1,22), ..., Tu(z1,...,24)) with TP =Q,
where each coordinate is given by:

Ti(x1) = Fj! (Fx,(21)),

Tj(zs) = Fylz o (Fixigon @ | 3160) ), 255 <d,
and z1(j-1) == Th;(j—1) (T1:(5-1))-

If (i) P-a.s. within the class of triangular, coordinate-wise non-decreasing maps, if P is
absolutely continuous and (ii) each one-dimensional conditional cdf of Q is continuous and
strictly increasing, then 7' is well-defined and unique within the monotone triangular class
P-almost surely.

Proof. We split the proof into 2 steps.

Step 1: Existence. The absolute continuity of P possesses a joint density f(z); in par-
ticular every conditional distribution Fxx,,_ ,(- | #1;-1) is well defined. Thus, we may
factorise P sequentially:

dP(x) = fx,(21) fxop(z2 | 21) -+ fxgnaa—1)(Ta | 21:0-1) d.
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Choose coordinates of T by matching conditional quantiles:

Ti(x1) = F! (Fx,(x1)),

-1 .
Tj(ers) = Fylz oy (Fiwig o (@il @gn) [2u60n), 2<5<d,
where 2y.j_1) == Tl:(j,l)(xl:(j,l)). Each step is well-defined because the inner cdf is contin-
uous and the outer inverse cdf exists and is unique by the second assumption. Induction
shows TP = Q, establishing the existence.

Step 2: Uniqueness (within the monotone triangular class). Restrict to maps
satisfying «; +— Tj(x1;) is non-decreasing for every fixed xq.(j_1). Let T" and T be two such
transports. Because both first coordinates push X; to the same measure Q; and both are
monotone, we must have T3 (zq) = T1(x;) P-almost surely. By induction, we have T; = T;
for j = 2,...,d P-almost surely. Hence, uniqueness holds in this class. O

When Q = Unif[0, 1]®?, the following lemma provides efficient influence function for

0;/(P) = E[(9,,5;(Z))?], where S := T

Lemma B.2 (Efficient influence function of 0;;(P) under the triangular (Knothe-Rosenblatt)
transport). Let X = (Xi,...,X4)" have a joint distribution P that admits a Lebesgue
density and let

T(X) = (Fi(X1), Fon(Xa | X1), -+, Fapia—1y (Xa | Xia-1))) =t Z ~ Unif(0, 1),

Write S := T-'. For any pair of indices (j,1) € [d]? define H;(X) = {9.,5;(%Z)}* and
01(P) := Ep[Hj(X)].

(i) If { > j then Hy(X) =0, so ;(P) = 0 and the efficient influence function is identi-
cally 0.

(ii) If I < j, the parameter is non—degenerate and its efficient influence function (EIF) is

oi(z) = Hy(x) — 05 — 2 Hy(x) {1{X; < 2} — Fyngey (o | 21.0-1) (28)
which attains the semiparametric efficiency bound.

Proof of Lemma B.1. If | > j, because the inverse K-R map is lower-triangular, S; depends
only on (z1,...,2;), hence 0,,5; = 0 whenever [ > j; all assertions are immediate.

Next, we analyze the second case in two steps. First, we introduce some notation. Fix
(J,1) with I < j. Denote the lower-triangular Jacobian Jr(X) := [0,,T;(X)]; ., and

dj(X) = Jr(X)j5 = Fing-n (X | Xig-n) s 0w(X) = Jr(X)jn = 0 Fjjg-n (X | Xig-n) k<.

Because Jp(X) is unit-triangular up to the positive diagonal {d,}, its inverse Jg(Z) =
JH(X) = [vji(X)]; k<q is also lower-triangular.
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Set
Wi=Xiy, V=X, U:=Xga

so that X = (W,V,U) and the factorisation of P reads fx = fw fvjw fuw,y. Because S

depends only on Xj.;, H; may be viewed as a measurable functional of (W, V, Ulz(j_l)); its

exact algebraic form, is multiplicatively proportional to d;(X)~%:

Hi(X) = 7(X)* = Ra(X)di(X) 7, Ra(X) = {di(X) (X))} (29)

Alternatively, because the inverse—Jacobian entries satisfy

1 1 =
Tu(X) = ’ Y(X) = — bk (X) e (X)),
i (X) ’ dj(X) &=
the weight R; can be computed recursively:
L bulX) 2
Ry(X) =1, Ruy(X) = —Z Z Ru(X)| L <7

d;(X)

k=l
The factor R;; depends on lower—order conditional CDFs only through the values of (W, V., U)

and therefore behaves as a fixed, bounded weight in the influence—function calculation.

Pathwise differentiability. Let {P, : [t| < ¢} be a regular sub-model with score 0(X).
Write fyw, for the conditional density of V' given W under P, and set fyjw := O fv|wt|i=o-
A simple differentiation gives

fow(w [ w) = (v | w) {iw,v,U) ~ BEX) | W = w]}.
Hence, differentiating 0;(t) := Ep,[H;;(X)] and using (29),

b3 = E|Hu(X) + Hu(X)£(X)| = E[{=2H;(X) n(X) + Hu(X) = ;1 £(0)]

where 7(X) = ((X) — E [é(X) | W] — ((X) = E[{(X) | X10_1)]. Now note the well-known

0
representation n(X) = e {1{V <o} = Fyw(v | W)} ’ ; integrating once in v yields
(% v=V

n(X) = fow(V | W) {I{V <} — Fypw(a | W)}, so that —2H;, (X )n(X) = —2H;(X){1{X; <
1} — Fjpg-1y(2 | 1.0-1)) }. Substituting back proves that (28) is a centered influence func-
tion.

Efficiency. Because ¢j; lies in the tangent space and reproduces the pathwise derivative
for every sub—model, it is the unique canonical gradient. Square integrability follows from
E[R;i(X)] < oo and E| f‘;ﬁ,v(v | W)] < oo (which holds whenever the joint density is locally

bounded and strictly positive on compact sets). O

37



Some comments on Lemma B.1 follow.

Firstly, the proof of Lemma B.1 hinges only on the multiplicative decomposition (29); it
does not require an explicit closed form for R;;. Hence, the lemma extends to any smooth
functional of the K-R map whose density—dependence enters solely through fzﬁ?(z—1)-

Secondly, the EIF is identically zero for [ > j, reflecting the fact that the triangular
Rosenblatt inverse does not respond to perturbations in later coordinates when reconstruct-
ing an earlier component.
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C Swupporting lemmas

C.1 Basic properties of regression estimators

Lemma C.1 (L, boundedness). Let (Y, Z) be a pair of random variables with Z = (Z7, . ..

and Z_; denoting all components except Z;. Define the conditional expectations
n(Z) =EY | Z], n-;(Z)=E[Y|Z
If E[Y?] < C, then it holds that
(1) Eln-;(Z-;)%] <ER(2)*] < C;
(2) E[(Y = n(2))’] < C and E[(n(Z) — n-;(Z2-))*] < C.
Proof of Lemma C.1. For (1), by Jensen’s inequality,
E[n(2)"] <E[Y?] < oo, E[n-;(Z-;)°] <E[Y*] <C.
For (2), by the law of total variance,
VY)=EV(Y | 2)]+V(E[Y | Z]).
Since E[Y?] < oo, both terms on the right-hand side are finite. In particular,
E[(Y —n(Z))’] =E[V(Y | 2)] < VY] <E[Y’] < C.
Next, define the function §(Z) :=n(Z) — n_;(Z_;). Then,
E[6(2)*] = E[(n(Z) = n-3(Z-))*] < 2 (En(2)*] + E[n-;(Z-;)*]) -

From (1), we have
E[(n(Z) —n-;(Z2-;))"] <E[n(2)*] < C.

This completes the proof.

) Zd)

O

Proposition C.2 (High—probability Lipschitz bound for the regression estimator). Under

Assumptions 3.1-4.2, assume that the estimator j satisfies the mean-squared error &

17 — ptllLoex) € (0,1/V/2). Define the data-dependent radius

R. := X/ d+ 2log(1/e),

and the ball
B:={z cR: ||z| < R.}.

Then there exists a universal constant C' = 4\/5, such that

P, (Lip(; B) < LM+C’L}ﬂ)\_lﬂ[d+210g(1/€)]_1/451/2) > 1-¢%
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Proof of Proposition C.2. Throughout the proof, we rely on two arguments, truncation and
a covering—number bound. We split the proof into multiple steps.

Step 1: Truncation of the input domain. For Z ~ N(0,1;) the standard tail bound
P(|| Z|| > t) < exp(—t?/2) implies

P(||Z|| > R:/\) < exp(—3i[d+2log(1/e)]) = &%
Because X = T-1(Z) and T~ is A-Lipschitz, || X|| < A||Z]|; hence, with probability at least
1-¢% X € B.

Step 2: A finite h—net of the truncated ball. Conditioned on event X € B, and
fix a mesh size h > 0. The ball B admits an h-net N, = {z1,...,2n,} of cardinality
Ny < (1+2R./h)%. Write A, := i — p. By Cauchy-Schwarz,

A
max |A,(z;)] < il 2 (31)

;€N - IP)X(B) — /1—_ 82 =

Step 3: Lipschitz bound on the ball B. For arbitrary =,y € B choose ;, x; € N}, with
|z — ;]| < h and ||y — z;|| < h. Insert and remove pu:

() — i(y)| < |ix) — ()| + () — fle)| + i) = ay)|
< Lu(lle — @il + llag — yll) + 1AL ()| + [Au(w;)]
< Lu(llx =yl +2h) + 4,

where the second line uses the L,-Lipschitzness of 1 and the third invokes (31). Dividing
by ||z — y|| and taking the supremum over z,y € B yields

Lip(fi; B) < L, + 2L,h/R. + 4¢/h. (32)

Step 4: Optimizing the mesh size. Minimizing the right-hand side of (32) over h > 0

gives the choice
. 25R€.
\/ Ly

I
Lip(7i; B) < L, + 4v2 Bﬁfg

=L, +C LN [d+2log(1/e)] V/*e'2, (33)

Substituting it into (32) yields that

where the last equality is from the definition of R, in (30) and C' = 41/2. This finishes the
proof. O

C.2 Basic properties of transport maps
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Lemma C.3 (Bi-Lipschitz = Bijective). Let T : R? — R? satisfy the global bi-Lipschitz
bounds
cle—yll <T@ -THI < Cllz—yl, Va,yeR?,

for some constants 0 < ¢ < C' < co. Then T is a bijection and a bi-Lipschitz homeomorphism
of R% onto itself.

Proof of Lemma C.3. We split the proof into two steps.

Step 1: Bijection. We verify the properties of T" one by one:
(a) Ingectivity. If T'(x) = T(y) then c||lz — y|| <0, so z = y. Hence, T is injective

(b) Properness. From the lower bound, ||T(z)|| > c||z|| — [|T(0)], hence ||z| — o0 =
|IT'(z)|| = oo. Thus inverse images of bounded sets are bounded (and closed by conti-
nuity), hence compact.

(¢) Openness. For any ball B(x,r) one has B(T(z),cr) C T(B(z,r)) C B(T(x),Cr),so T
maps open sets to open sets.

(d) Surjectivity. The image T(R?) is non-empty, open (3) and closed (properness + conti-
nuity). Since R? is connected, the only such subset is R itself.

Consequently, 7' is a bijection.

Step 2: Lipshitzness of inverse mapping. For any two points u,v € R? and set
=T Yu), y:= T '(v). This gives

clle —yll < |T() =T = [lu-wvl
Rearranging yields
_ _ 1
IT7Hw) =TT @) = fle =yl < ~fu—v],  VuveR"
Hence T~ ! is globally Lipschitz with
Lip(T™h) < 1/

Consequently, T is a bijection and a bi-Lipschitz homeomorphism of R? onto itself. O]

Lemma C.4 (Bi-Lipschitz gradient <= uniform Hessian bounds). Let ® : R? — R be a
C?, convex function and set T'= V®. The following are equivalent:

(a) Uniform Hessian bounds: There exist constants 0 < m < M < oo such that, for all
z € R,

ml; = V®(z) = M, (34)

(b) Global bi-Lipschitz gradient: There exist constants 0 < m < M < oo such that, for all
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z,y € RY,
mlz —yll < |[VO(z) - VO(y)| < Mz —yl. (35)

Proof of Lemma C.4. We split the proof into different steps.

Step 1: (a) = (b). For z,y € R? define v(t) = y+t(x—vy), t € [0,1]. By the fundamental
theorem of calculus,

Vo) - Ve = [ V80 @ -y

0

Applying the bounds (34) inside the integral gives
mllz —yl| < [[Ve(z) = Ve(y)| < Mllz—yl,

establishing (35).

Step 2: (b) = (a). Fix x € R? and a unit vector v. For t > 0 let y = 2 + tv. Using (35),
mt < [|[VO(z+tv) — VO(x)|]| < Mt.

Divide by ¢ and send ¢ | 0 to obtain m < ||[V2®(z)v|| < M. Since v is arbitrary, this

yields (34). O
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C.3 LOCO estimation

Lemma C.5 (Estimated influence function for LOCO). Assume that 77 and 7 are bounded in
Lo, with probability tending to one. Under Assumption 4.2, the influence function estimation
error for the LOCO estimator (12) satisfies that

loz,(0;P) — 0z,(0;P)||lz, = Op(IT — nllz, + 17-5 — 15l + 17— nll%, + 17=; — 1-5112,),

Proof of Lemma C.5. For the proof below, we drop the subscript Z; and the dependency in
(Z,Z_;) for simplicity. Recall the efficient influence function

p(O;P) = 2(Y =) —n-j) + (n—ny)* =, n:=E[Y|Z], n; =E[Y | Z_.
For the estimated distribution P we plug in 7, 7_;:
p(0;P) = 2(Y =)0 — 11—5) + (7 — 1) — bz,

Denote 6 :=n—mn, 6_; :=7_; —n_; and V := 6§ —6_;. Observe § —7_; = (n —n—;) + V.
Then, we have

~

P(0; B) = p(O;P) = 2[(Y =H)(H—75) = (Y =) (=) +[[H—7-5)* = (n—=1-3)"]+ (6 — ).
Insert Y == (Y —n)—0 and 7 —7—; = (n —n—;) + V, it follows that
P(O;P) = p(O;P) = 2(Y — ) V = 28(n —1_5) = 26V +2(n =)V + V> + (6 — 9).
Because (n —n_;)V —d(n —n—;) = —(n —n—;)0_;, we further have
P(O:P) = p(O:P) =2(Y =)V = 20y —1-5)d; — 2V + V> + (6 —9).
Under the boundedness assumption E[Y?] < C with Lemma C.1 and using Cauchy—Schwarz:

(05 B) = 9(O; Py <201V =0l [VIlzs + 2ln = n-illea 0l 2. + 20012V (12, + VT, + 16— ¢llx
<AC|V |z, +2C 0, + IVIIZ, + (& — &)
Because &5\ is uniformly bounded in probability and ngS — ¢ = op(1), by dominate convergence
theorem, we have that ||¢ — ¢||z, = op(1). Since ||V||z, < |0]lz, + [|0—;]/z,, the right-hand
side is
Ol = ll s + 115 = n—jllzo + 117 = 0ll7, + 175 — n-511Z,):
which completes the proof. n

Lemma C.6 (Ly-bound for LOO estimator). Let 7 be an estimator of 7, estimated from
independent samples. Suppose Z; Il Z_; and define the leave-j-out estimator

M_j(z—y) = B(2) |0, 2-; = 2_j] = E[F(ZD) | 5, Z_; = 2_y],
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fOI‘ T]_j<2_j) = E[T](Z) | Zj = Zj]. Then
11-5(Z2=5) = n-3(Z-)lraps_) < I0(Z) = ()] Laer)-

Proof of Lemma C.6. Since Z; 1L Z_;, the joint law of (Z_;, Z;) (the same holds for (Z_;, Z\"))
) factors and by Jensen’s inequality

Bz [(0-j(Z—5) —n-;(Z-5))*] = Ezj[(/[ﬁ(z—ja ;) —0(Z_j, )] dFz,())’]

<E, | / (7. 2) — (2, 2 dFy, ()]
— B, [(7(2) — n(2))?).

Taking square roots yields the result. O]
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C.4 Disentangled feature importance

Lemma C.7 (EIF of the expected product). Let the data be O ~ P and suppose that the
(possibly distribution—dependent) functions A and B satisfy

va(P) = Ep[A(O)],  ¢8(P) = Ep[B(O)].

Denote by ¢4(O; P) and ¢g(O; P) their efficient influence functions (EIFs), normalised so
that
Ep[pa(0; P)] = Eplpp(0; P)] = 0.

Define the centered functions A.(O) = A(O) — ¥4(P) and B.(O) = B(O) — ¢ p(P), and the

remainder term
OéA(O) = @A(Ou P) - AC(O)7 OéB(O> = SOB<OJ P) - BC(O)J

where the remainder terms a4, ap collect the pathwise-derivative contributions coming from
the dependence of A and B on P. Then, the EIF of ¥ 45(P) := Ep[A(O)B(0)] is given by:

0aB(0; P) = A(O)B(O) — a5(P) + B(0)ax(0) + A(O)ap(0). (36)

Proof of Lemma C.7. Let P. = (1 4 €h)P be a regular, mean-zero submodel with score h.
Differentiating ¥ ap(P.) = [ Ap.Bp. dP. at e = 0 gives

— Ep[h(0) A(0)B(O)] + Ep[B(0) Ay(0)] + Ep[A(0) BA(0)],  (37)

e=0

d
d_gwAB(Ps)

where Ay, By, are the pathwise derivatives of Ap (O) and Bp,(O) along h.
The defining property of ¢4 and g is

Ep[h(0) a(0; P)] = Ep[h(0) A(O)] + Ep[A,(0)], (38)
and similarly for B. This implies
EP[Ah<O>] = Ep[h(0) aa(0)], EP[Bh(O)] = Ep[h(0) ap(0)]. (39)
Define
¢ap(0; P) == A(O)B(O) = ¢ap(P) + B(O)aa(O) + A(O)ap(0). (40)

We verify that (40) satisfies the EIF equation. Using (37)-(39), we have

Bpl(0) pan(0: P)] = an(Pa)|

e=0

and Ep[pap] = 0 by construction, so (40) is indeed the efficient influence function of 1 45.
This completes the proof. O
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Remark C.1 (Special cases of Lemma C.7). When A is distribution-dependent, one has
as = 0 and (36) becomes pap = App. When neither A nor B depends on P, one has
ar =ap =0, pg = A., o = B., and (36) reduces to pap = AB — E[AB|. This can
also happen if A and B are linear functions. For instance, for the covariance parameter
Yap(P) = Ep[(A — Ep[A])(B — Ep[B])], one has X(O) = X and px(O; P) = X.(0) =
X —Ep[X] for X € {A, B}. Hence, ay = ap =0 and the last two terms in (36) vanish and
(36) reduces to wap(O; P) = (A —Ep[A])(B —Ep[B]) — ¢¥ap(P).

Proposition C.8 (EIF of 6(P) under Bures-Wasserstein transport). Let the observable
O = X € R? satisfy

PX]=0, X=PXX'] >0, L:=x%2
For fixed indices 7,1 € [d] define
T(z) := Lx, Hj(X) = 0,T;(X) = Lj.
The efficient influence function of the parameter

0,(P) := P[H;(X)?] = L3,
is given by
0i1(O;P) = — Lyy(X " Leje] LX — 8;1) = —Lj(Z;Z, — 651).

Proof of Proposition C.8. Take an arbitrary regular one-dimensional sub-model {P. : ¢
(—¢0,€0)} embedded in the non-parametric model such that P._y = P and with score s.(O)
0-10g p-(0)|.=0. The usual regularity conditions give P[s(O)] = 0 and P[Xs(O)] = 0 (th
latter enforces the constraint E[X] = 0 along the path).

Write () := Ep_[X X ']. Differentiating at ¢ = 0,

0:3(e)|e—0 = PIXX " 5(0)] = P{XX' — X} s(0)],

I m

@D

because P[s(O)] = 0. Hence, the influence function for ¥ is
Us(0) = XXT-%,  P[Us(0)]=0.

Treat 0 as the composition 0;; = h o ¥ with h(M) = (M~"/?)3. A matrix calculus
identity gives the Fréchet derivative of M — M~1/2:

dL = d(272) = —1L(d%) L.
Because (A, B)r := tr(A" B), we can rewrite the last term as an inner product:
L.
deﬂ = <V29ﬂ(2), dZ>F, Vgﬁjl(E) = _7Jl (LejelTL -+ LelejTL).
Insert d¥ = 0.3(¢)|.—0 = P[Ux(0) s(O)] from Step 1:
0:05(P)| = (Vxby, PlUs(0)s(O)l)r = P[(Vsby, Us(O))r s(O)].

e=0
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Therefore, the efficient influence function ¢, in the tangent space satisfies that 0.0;;(P:)|.—o =
Plp;1(0) s(O)] for every score s is

piu(O;P) = (Vs0(2), Us(0))r = — Ly{ X ' Leje) LX — 6}
Centring holds automatically because P[X " Le;e; LX]| = §;, so P[p;(O;P)] = 0. O

Lemma C.9 (Estimated influence function for ¢, ). Under the assumptions of Theorem 4.4,
let

ox,(0;P) Z{L (2)) Dj(Z) + Aj(2)?) — L(Z;2, - Z)} - ox,(P

and let ¢x,(0; I/EB) be the same expression with (1, L) replaced by (7, L) and 7_ ; replaced
with _; = Ez,;[7(Z) | Z_;]. Then

lex,(0;P) — ox, (O; Pz, = Ovlen),  P{ox,(0;P) — ox,(0;P)} = Op(e2),
where &, = ||L4||2|7i — pllz, + tv(2)Y2||Z — Llop.

Proof of Lemma C.9. For simplicity, we will not explicitly indicate the dependency on Z. For
[ € [d] fixed and for every j € [d], we use the following notation § =7 —n, d_; =17_; — n_j,
Vj=0—0, Aj=n—n_y, Aj=0—0 Dy = L} — L3, U=Y —nU=Y -7

Jb

Step 1: Decomposition. Put
Aj = L?l[QUA] —|— A?], Bj = le (ZjZl — 5]'1) A?,

and denote by Ej, Ej the corresponding quantities with (Lj;, 7, A;) replaced by (Ejl, 7, ﬁj)
Then
d

0x,(0;P) = ox,(O;P) = > (Erj+ Baj) — [6x,(P) — ox, (P)], (41)

J=1

where E, ; 1= A\j —Aj and B, = _Ej + B;. Using ﬁj =A;+9,and U —-6=Y —7) we
obtain

Eij= DP[2UA; + A2 + I3[ 2(U — 8)9; + 9% — 20_;A)), (42)
Byj= —DM(2;2— 8;3) A2 — Lu(Z; 2 — 63)[ 28,95 + 97, (43)
with D .= L% — L%, D\ .= L, — L

Because the plug-in estimator of ¢y, employs the empirical mean of AJQ,

d
6x,(P) — ¢x,(P) = Y {DPPAZ] + L3 P[2A;0; + 93] + L3 (P, —P)[AZ]}.  (44)

J=1
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Substituting (42)-(44) into (41) and collecting like terms yields
©x,(0; P) — ox,(O;P) = Ty + Ty + Ty + Ty, (45)
where

Ty = ZD DlouA; + A2~ P[AZ],
Ty = ZL {2(U — 8)9; + 92 — 26_;A; — P[2A,0; + 0]},
Ty = Z[—Dg( (2,20 = 60) AF = L( 2,20 = 63) (28,95 + 93],

J
Ty= - L% (P, - P)AZ.
J

Step 2: Ls—norm bound. We bound ||Ty||., for £ = 1,...,4, term by term. Define
ert = Ly = Lullz, en = |7 — 77HL27 and e =L+ [L1]]2€n-
(i) Term Ty;. Because |Dj | < 2C’|Dj | and [|2UA; + A3 — P[AY]]|L, < 10C7,

ITullz, < 203> DV < 20C% e, = Oplen).

J
(i1) Term Ty. Each factor in the curly braces of Ty contains at least one of ¥, or 6_;:
19502, < 2007 = nlls + 15 = njllz2)s N—sllee < 05 = n5ll2.-

Hence, from Cauchy-Schwartz inequality and Lemma C.6, it follows that

1Tl < WEalleo (= nlles + 175 = n-jll2.) = Oslen),

by noting that || Z,||, < ||L.ll2 + ery.

(i) Term Ty. For the first piece in Ty, [|[(Z;2; — 0;)A||L, < 4C%, so ||D](-1)(-)||L2 <
4C3|DJ(»1)\. Summation gives Op(er,). For the second piece, note that || Z; 2, — §;1, < 2C?
and [24;9; + 93|, < 17 = nlle. + [1-5 — 1-jll. < 26y, from Lemma C.6. Hence, by
Cauchy—Schwarz inequality, we have

T3]z, = Op(en).

(iv) Term Ty. Conditional on the nuisance estimates, V{(P, — P)[ﬁ?]} < 1654, SO
(B = P)[AZ]]| L, = O(n~2). With |Ly| < C, || T, = Op(n~?).
Putting the four bounds together, we have

l0x,(0;B) — 0x,(O; Py < 1 Tuallzs + 1T2ll e + |1 Taillcs + 1 Tullz, = Orlen +n'2).
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Step 3: Expectation bound. We again bound the expectation term by term.

(i) Term Ty;. Ty, is of the form D](-z){QUAj + AJZ — E[AJQ]} Conditional on the (indepen-
dent) nuisance estimates, the factor Dj(?) is fixed, while E[2UA; | Z] = 0 and E[A%] = E[AF]
by definition, so the centered bracket has mean 0. Thus, E[T};] = 0.

(ii) Term Ty. Each term inside the braces of Ty contains at least one factor ¥, = § —d_;
or d_;. Because ||6_||r, < ||0]|z, = e, Cauchy-Schwarz inequality gives

E[(U = 61| = [E[59,]] < 16]| 110511z, S e

~Y ’r]7

and similarly |[E[6_;A;]] < 6727. All other raw moments in the bracket are of this same order.

Therefore, we have R
E[To]| S [[Lall7, €5 = Os(er)-

(111) Term T. Because E[Z;Z; — 0] = 0, we have

P[Ty] = = > LuE[(Z;2 = 03)(2459; + 95).

J

Every summand contains at least one factor 9;; by Cauchy—Schwarz,
E[(Z; 21 — 05) (28595 + 95)]| < 3C2||9;]| L, max{2[|Aj]loc, 19512} = Op(ep).
Multiplying by |Ejl\ < (' and summing gives
E[Ty])] < || Lallz, €2 = Op(e2).

(iv) Term Ty. Because E[(P,, —P) f] = 0 for any square-integrable f, we have E[Ty] = 0.
Combining the above results yields that P{yx,(O;P) — ¢x,(O; P)} = Op(€2). Finally, we
will show that e, < e,. From (23), we have that

17 =l S 11— plle, + 11T =T 1,
Let E:=1L— L. Using the cyclic property of the trace,
1T — T,y = EIIEX|3] = tr(EEET) = tr(E'ED).

For any two positive-semidefinite matrices A, B > 0, tr(AB) < Amax(A) tr(B). Applying
this with A = FTF and B = X yields

IT = Tl7,e0 < Amax(E'E) tr(2) = [|E|IZ, tr(2) = tr(2) [|IL — LI3,.
Furthermore, the column-wise error can also be bounded by:

Lo—Lills < IIL = Lllyn.
Ilré%;fH z il <] llop

Thus, we further have e, < || Ly — Lalls + || Lall2[| 72 — gl 2, + tr(2)Y2|Z — L]jop] < &n, which
completes the proof. O
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